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1. Introduction

The principles of heat transfer in manufacturing industry is a chief theory behind the design and production of
many household appliances and commercially used devices. The examples of heat transfer can be found in air
conditioning system, refrigerators, the TV and the DVD player, to name a few. Even heat transfer� ows are more
important due to stretching sheet which has abundance of applications in industries, engineering, metallurgy,
paper production, drawing of plastic� lms, hot rolling wires, elongation bubbles, extrusion processes in which
the deformed materiel is pass out from die for� nal product, geological stretching of the tectonic plates during
earthquake etc.

A Blasius type moving� ow due to a stretching sheet issuing steadily from the slit has been investigated by
Sakiadis[1]. The numerical and integral methods have been carried out to obtain the solution of the underlying
study. He indicated that the boundary layer behavior on such surface is different than the surface of� nite length.
Owing to the need of de� nitive experiment for the boundary layer of continuous surface, the combination of
experimental and analytical veri� cations have been considered in Tsouet al[2]. A three page article by Crane[3]
extended the work of Sakiadis[1] in that he took the boundary layer� ow over a stretching sheet where velocity
varies linearly from the slit. The work on unsteady viscous� ow has been only assumed adjacent to stagnation
point by Rott[4] but far away from the plate the� ow is taken as steady. The plate performed harmonic motion in
its own plane i.e. alongx-direction and he has shown that this problem is solvable exactly. Danberg and Fansle
[5] enhanced this idea further for non-similar stretching wall where velocity is proportional to the distancex.
Chakrabarti and Gupta[6] has extended the specialized case of Danberg and Fansle[5] and considered an
electrically conducting� uid with a uniform transverse magnetic� eld. The motion in the� uid is caused by a
stretching of the wall. Soundalgekar and Murty[7] tackled a heat transfer problem past a continuous semi-
in� nite� at plate in which temperature varies nonlinearly i.e.Axn, where A is a constant andn is never o or 1.
They observed that the Nusselt number increases with increasing the exponentn. Wang[8], on the other hand,
moved one step further and presented analysis for the three dimensional� ow caused by two lateral directions
where wall velocities varies linearly. The list of available literature on boundary layer� ows for different� uids
and� ows over a stretching sheet with different aspects is long. For detail the reader is referred to Duttaet al[9],
Grubka and Bobba[10–21], and forthcoming cited literature in next paragraphs.

In boundary layer� ow, if a temperature difference is strong then the assumption of� uid properties are
constant may lead to different results and hence wrong interpretation of the post processing. The dynamic
viscosity is highly dependent on a temperature and is weakly dependent on thermodynamic pressure. Takhar
et al[22] was the� rst who has discussed variable� uid properties. Pantokratoras[23] have discussed results of
variable viscosity on the� ow due to a continuous moving� at plate. He assumed that the Prandtl number is
variable across a boundary layer. His assumption is based on the de� nition of Prandtl number which depends on
viscosity i.e. if viscosity is variable so do the Prandtl number. This assumption is not correct as discussed in
Andersson and Aarsaeth[24] . A compact analysis on variable� uid properties for Sakiadis problem have been
presented by Andersson and Aarsaeth[24]. They clarify some of the misconceptions prevalent in scienti� c
community over a variable� uid properties. Lai and Kulacki[25] investigated variable� uid properties for
convective heat transfer in a saturated porous medium since previous studies mostly dealt with constant� uid
properties for water. Their work is also concerned on heat transfer analysis for gases too. Kameswaranet al[26]
studied the effect of radiation on the MHD Newtonian� uid � ow due to an exponentially stretching sheet when
considering the effects of viscous dissipation and frictional heating on the heat transport. Hayatet al[27] have
deliberated axisymmetric hydromagnetic� ow of a third grade� uid. The idea was to observe characteristics of
� ow over a stretching cylinder. They reported that the velocity and momentum boundary layer thickness is
dependent on the curvature parameter. They also mentioned that velocity pro� le is higher for third grade� uid
than the Newtonian and second grade� uid with and without MHD. Very recently Babuet al[28] discussed
MHD dissipative� ow across slendering stretching sheet with temperature dependent variable viscosity. Study of
viscoelastic boundary layer� ow and heat transfer over an exponentially stretching sheet was examined by Khan
and Sanjayanand[29]. Popet al[30] have examined the in� uence of variable viscosity on laminar boundary layer
� ow. They assumed the� uid viscosity varies inversely with temperature. Ali[31] considered heat transfer
characteristics over a nonlinearly stretching sheet. Prasadet al[32] similar to Ali[31] have studied the effect of
variable viscosity and thermal conductivity over a nonlinearly stretching sheet. Magyari and Keller[33]
considered mass and heat transfer in the boundary layers on acontinuous surface which is stretched
exponentially. The� ow of a viscoelastic� uid over a stretching sheet with transverse magnetic� eld is assumed by
Andersson[34]. He showed that the MHD has the same effect on the� ow as viscoelasticity. In a similar work, a
power-law� uid over a stretching sheet was investigated by Anderssonet al[35]. They have shown that the
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magnetic� eld make the boundary layer thinner for the underlying case. Nadeemet al[36] analyzed the heat
transfer characteristic while presenting two cases, Prescribed exponential order surface temperature(PEST) and
prescribed exponential order heat� ux(PEHF). They studied Jeffrey� uid over an exponentially stretching
surface. Although, viscous dissipation is a key term appearing in energy equation but considered by very few
scientists. Pavithraet al[37] took this task to include viscous dissipation in dusty� uid over an exponentially
stretching sheet and also discussed two cases for heat transfer analysis: Prescribed exponential order surface
temperature(PEST) and prescribed exponential order heat� ux(PEHF). Maboodet al[38] did analysis on
viscous incompressible� ow along with radiation effect while taking exponentially stretching sheet. They
obtained the solution by using homotopy analysis method(HAM). Mukhopadhyay[39] studied MHD
boundary layer� ow and heat transfer towards an exponentially stretching sheet embedded in a thermally
strati� ed permeable medium. Singh and Agarwal[40] investigated the effects of variable� uid properties of
Maxwell� uid over an exponentially stretching sheet. They applied Keller-Box method to� nd a numerical
solution. A variable thermal conductivity has been accounted with Cattaneo—Christov heat� ux formulation in
Hayatet al[13].

All studies of the past have considered variable� uid properties with many different� uids over a different
type of stretching sheets. Not much work has been done on variable� uid properties, speci� cally temperature
dependent viscosity and thermal conductivity, over an exponentially stretching sheet with MHD effect. We� ll
these gaps and present some interesting results on this topic.

The present paper has been organized as follows. In section2, we present a mathematical model for the� ow
and heat transfer analysis. The three distinct cases have been discussed in section3. The computational
procedure has been explained in section4. In section5, we present the graphs, tables and their discussion. The
conclusion has been drawn in section6.

2. Problem formulation

Consider a steady, two dimensional, incompressible� ow of an electrically conducting� uid over a sheet that has
been stretched exponentially. Thex-axis is taken along the sheet andy-axis is normal to it.Bois the strength of
uniform magnetic� eld which is applied normal to the sheet. The induced magnetic� eld is neglected because the
value of a magnetic Reynolds number is less than unity in an electrically conducting� uids.Tw is a temperature of
the sheet andTois the temperature of the ambient� uid. The geometrical con� guration of the problem can be
seen in the� gure1for better understanding and visualization. The governing equations with these assumptions
are given by Andersson and Aarseth[4]

u v a0, 1x y� S � S� s � � � s � �( ) ( ) ( )

uu vu u B u b, 1x y y y 0
2� S � N � T� � � � � s � �( ) ( ) ( )

C uT vT kT c, 1p x y y y�S � � � � � s( ) ( ) ( )

Figure 1.Geometry of the problem.
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The effect of viscosity and thermal conductivity for all the three cases have been studied. Temperature of
ambient� uid isT0=278 K while temperature of surface is taken asTw=358 K. In� gures2–3velocity and
temperature pro� les are presented for all Cases A, B and C. In comparison with Case A and C velocity pro� le for

Table 2.Values of skin friction and wall temperature gradient for different physical parameters for
Case B.

bvp4c Shooting method
Pr M ò f 0� � � ´( ) 0�R� � � a( ) f 0� � � ´( ) 0�R� � � a( )

7 0 0.1 3.315 254 1 2.480 971 7 3.315 144 1 2.480 938 2
— 0.1 — 3.492 423 9 2.436 261 7 3.492 291 2.436 224 3
— 0.2 — 3.654 614 7 2.395 552 6 3.654 457 1 2.395 511 1
— 0.3 — 3.805 688 1 2.357 806 3.805 504 8 2.357 760 2
— 0.4 — 3.947 960 7 2.322 362 3 3.947 845 7 2.322 337

3 0.1 0.1 3.277 733 5 1.402 271 2 3.277 679 5 1.402 261 8
5 — — 3.394 529 1 1.972 303 6 3.394 461 8 1.972 289 6
7 — — 3.492 364 1 2.436 242 8 3.492 291 2.436 224 3
10 — — 3.615 561 8 3.022 006 2 3.615 481 5 3.021 974 7

7 0.1 0 3.518 218 6 2.612 649 6 3.518 138 7 2.612 625 4
— — 0.1 3.492 364 1 2.436 242 8 3.492 291 2.436 224 3
— — 0.2 3.469 090 9 2.286 594 5 3.469 020 1 2.286 579 4

Table 3.Values of skin friction and wall temperature gradient for different physical parameters
for Case C.

bvp4c Shooting method
Pr M ò f 0� � � ´( ) 0�R� � � a( ) f 0� � � ´( ) 0�R� � � a( )

7 0 0.1 3.268 118 3 2.509 089 3 3.268 09 2.509 08
— 0.1 — 3.441 183 6 2.466 886 7 3.441 15 2.466 88
— 0.2 — 3.599 361 1 2.428 220 6 3.599 32 2.428 21
— 0.3 — 3.746 234 7 2.392 252 9 3.746 19 2.392 24
— 0.4 — 3.884 138 7 2.358 452 9 3.884 08 2.358 44

3 0.1 0.1 3.199 274 3 1.432 527 8 3.199 24 1.432 52
5 — — 3.333 254 9 2.002 535 6 3.333 21 2.002 53
7 — — 3.441 183 6 2.466 886 7 3.441 15 2.466 88
10 — — 3.572 496 3.053 781 3.572 47 3.053 77

7 0.1 0 3.469 863 5 2.644 825 3.469 83 2.644 81
— — 0.1 3.441 183 6 2.466 886 7 3.441 15 2.466 88
— — 0.2 3.415 273 4 2.315 989 5 3.415 23 2.315 98

Table 4.Values of skin friction and wall temperature gradient with M=0.1 andò=0.1.

bvp4c Shooting method
Cases M Pr f 0�� � (́ ) 0�R�� �a( ) f 0�� � (́ ) 0�R�� �a( )

0.1 3
CaseA 1.358 981 4 1.848 470 2 1.358 957 1 1.848 469 8
CaseB 3.277 733 5 1.402 271 2 3.277 679 5 1.402 261 8
CaseC 3.199 274 3 1.432 527 8 3.199 24 1.432 52

0.1 5
CaseA 1.358 980 1 2.480 004 5 1.358 956 9 2.480 048
CaseB 3.394 529 1 1.972 303 6 3.394 461 8 1.972 289 6
CaseC 3.333 254 9 2.002 535 6 3.333 21 2.002 53

0.1 7
CaseA 1.358 961 7 2.993 455 7 1.358 956 9 2.993 482
CaseB 3.492 364 1 2.436 242 8 3.492 291 2.436 224 3
CaseC 3.441 183 6 2.466 886 7 3.441 15 2.466 88
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Case B have been reduced adjacent to moving surface as shown in� gure2. The same results have been observed
in momentum boundary layer thickness. Comparing with the Case B the temperature pro� le for both Cases A
and C decreases close to moving surface as shown in� gure3. Effect of magnetic parameter M on temperature
and velocity pro� les have been shown in� gures4–9. Temperature pro� le increases as we increase M and there is
a decreasing effect on momentum boundary layer for all three Cases A, B and C. In� gures10–13the effect of

Table 5.Comparison of 0�R�a( ) for M=0 and for various Prandtl numbers to
previous data.

b Pr Magyari and Kellar[24] Pal[44] Present result

0.0 0.5 0.330 493 0.330 49 0.330 496 78
— 1 0.549 643 0.549 64 0.549 650 44
— 3 1.122 188 1.122 09 1.122 091 5
— 5 1.521 243 1.521 24 1.521 232

1.0 0.5 0.594 338 0.594 34 0.594 343 14
— 1 0.954 782 0.954 78 0.954 789 75
— 3 1.869 075 1.869 07 1.869 069 5
— 5 2.500 135 2.500 13 2.500 063 9

3.0 0.5 1.008 405 1.008 41 1.008 416 5
— 1 1.560 294 1.560 30 1.560 305 1
— 3 2.938 535 2.938 54 2.938 552 8
— 5 3.886 555 3.886 56 3.886 566 2

Figure 2.Variation in dimensionless velocity pro� les f �I�a( ) for different cases at Pr=0.7, M=0.1 andò=0.1.

Figure 3.Variation in dimensionless temperature pro� les� (� ) for different cases at Pr=0.7, M=0.1 andò=0.1.
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Figure 4.Variation in dimensionless velocity pro� les f �I�a( ) for different values of M with Pr=3.

Figure 5.Variation in dimensionless temperature pro� les� (� ) for different values of M with Pr=3.

Figure 6.Variation in dimensionless velocity pro� les f �I�a( ) for different values of M withò=0.1 and Pr=3.
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Figure 7.Variation in dimensionless temperature pro� les� (� ) for different values of M withò=0.1 and Pr=3.

Figure 8.Variation in dimensionless velocity pro� les f �I�a( ) for different values of M withò=0.1 and Pr=3.

Figure 9.Variation in dimensionless temperature pro� les� (� ) for different values of M withò=0.1 and Pr=3.
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Prandtl number has been shown. The wall temperature reduces for all the Cases A, B and C whereas the velocity
pro� le increases in Case B. In� gures14–15the effect of parameteròon temperature pro� le has been shown. For
both the Cases B and C there is an increment in temperature pro� le.

Figure 10.Variation in dimensionless temperature pro� les� (� ) for different values of Pr with M=0.1.

Figure 11.Variation in dimensionless temperature pro� les� (� ) for different values of Pr with M=0.1 andò=0.1.

Figure 12.Variation in dimensionless velocity pro� les f �I�a( ) for different values of Pr with M=0.1 andò=0.1.
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Figure 13.Variation in dimensionless temperature pro� les� (� ) for different values of Pr with M=0.1 andò=0.1.

Figure 14.Variation in dimensionless temperature pro� les� (� ) for different values of parameteròwith Pr=0.7 and M=0.1.

Figure 15.Variation in dimensionless temperature pro� les� (� ) for different values of parameteròwith Pr=0.7 and M=0.1.
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