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The goal of this thesis is to study the expected return of an asset and the predictability of 
this return in both the short-term and the long-term. The thesis consists of four papers.

In the first two papers, the thesis investigates the predictability of stock returns and 
crypto-currency returns with daily frequency. The author develops a new measure of 
market efficiency (AMIM) which is easy to implement. AMIM helps us to compare the 
level of efficiency of different assets at different points in time. Using this new measure, 
the author shows that market efficiency is dynamic, changing over time,  and being 
usually worse in the crisis periods.

In the last two papers, the author investigates the predictability of the expected stock 
returns in a long-term framework. In the first of these two papers, the thesis studies how 
stable liquidity is priced in the stock market. The results show that on average, investors 
discount the price of illiquid, and liquidity volatile stocks over stable liquidity stocks.

In the last paper, the author studies the impact on stock returns when there are collective 
biases from the investors regarding future stock pay-offs. The investors use stock 
characteristics to form their own biased view regarding future stock pay-offs. Therefore 
they create stock’s mispricing. The data shows that this mispricing will be corrected in 
the future.
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CHAPTER I. INTRODUCTION

The goal of this thesis is to study the expected return of an asset and the predictability
of this return in both the short-term and the long-term. The thesis consists of four papers.

In the first two papers, I investigate the predictability of stock returns and crypto-
currency returns with daily frequency. I develop a new measure of market efficiency
(AMIM ) which is easy to implement. AMIM helps us to compare the level of efficiency
of different assets at different points in time.

In the last two papers, I investigate the predictability of the expected stock returns in
a long-term framework. In the first of these papers, I investigate how stable liquidity is
priced in the stock market. In the last paper, I study the impact on stock returns when
there are collective biases from the investors regarding future stock pay-offs.

In this chapter, I will first go through the theories that my research is based on:
the efficient-market hypothesis (EMH), adaptive market hypothesis (AMH), stochastic
discount factors, and factors model in asset pricing. These theories will elaborate the
process of how the market prices an asset and hence help us to define the expected return
of an asset. Then, I will give the reader a summary of each paper’s contribution to my
thesis. I also discuss the methodologies that I use for the four papers in this thesis.

1.1. Rationality, Arbitrage, and Stochastic Discount

Factor

I will use this part to go through the theory of deriving a rational price and expected
return. First, I will discuss how the process of smoothing the consumption of rational
investors helps us to derive a fair price for an asset. Then, I move on to discuss the
properties of the pricing kernel of an asset under the law of one price and the no-arbitrage
condition. Finally, I discuss the equilibrium expected return of an asset.

1.1.1. Rationality, Maximization of Utility, and Consumption CAPM

Markets are the place where different parties interact with each other to determine
trading prices and quantities. The central research topic in many studies is how markets
incorporate information into prices, or how do we know if an asset is fairly priced or not?
Neoclassical economics is one of the prominent paradigms to study these questions. The
paradigm has a set of important assumptions; according to Weintraub (2002), these are:

• individuals have rational preferences.
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1.1. RATIONALITY, ARBITRAGE, AND STOCHASTIC DISCOUNT FACTOR

• individuals maximize utilities and profits.
• individuals act independently on the basis of full and relevant information.

The neoclassical economics paradigm usually studies the equilibrium market stages
when all market participants rationally and independently maximize their utility, ex-
pressed economically through an utility function. The traditional approach also assumes
that every economic agent has the same utility function. This also implies that an equi-
librium state can be reached if every economic agent individually maximizes their profits
(or utility). If so, we can sum all participants’ utility functions to become an overall
market utility function, then optimize this single function to reach the efficient steady
state of the market.

In a more realistic case, each individual has a different approach toward the markets, so
there are many different utility functions. Therefore, there is no single common optimal-
behavior for each economic agent in the market. However, in a competitive market, one
can prove that by individually maximizing their utility function, all the agents can lead
the market to an equilibrium stage. Therefore, we can treat the market (or all economic
agents) as a representative agent.1

The use of one representative agent is convenient to study the quality of the market in
equilibrium. This paradigm is useful to the extent that we can use mathematical calculus
to solve the optimization problem, thus finding the optimal behavior of the markets and
building theories on these findings. Then, we test these theories using empirical data.

Using the above approach, we solve an optimization problem on how to allocate
consumption and investment into different assets overtime. The goal is to maximize the
stream of utility from consumption. Solving this consumption maximization problem will
help us to derive the equilibrium price of an asset.

Specifically, let pt and pt+1 be the asset’s price at time t and at time t+1 respectively.
We also call dt+1 the dividend at time t+1, and u(ct) and u(ct+1) the consumption utilities
at time t and t+ 1. Finally, β is the subjective discount of utility. The equilibrium price
of the asset will therefore be:

pt = Et

[
β
u′(ct+1)

u′(ct)
(pt+1 + dt+1)

]
(1.1)

In this above equation, β
u′(ct+1)

u′(ct)
is the marginal rate of substitution (MRS) in con-

1The representative agent is a common discussion in economics, especially in the market setting. For
a detailed discussion, please consult Chapter 7 in Back (2010).
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CHAPTER I. INTRODUCTION

sumption utility. pt+1 + dt+1 is the pay-off of the asset in the future. The price of an
asset today depends on the size of the trade-off between the marginal utility in the future
versus today, and the pay-off from the asset in the future. This is because a person
needs to forgo some of the utility of consumption today to buy this asset. The asset will
generate a pay-off in the future, hence increasing the future consumption.

If we divide the above equation by pt, and define the gross rate of return as Rt+1 =
(pt+1 + dt+1)

pt
, we will come up with the below result:

1 = Et

[
β
u′(ct+1)

u′(ct)
· (pt+1 + dt+1)

pt

]
= Et

[
β
u′(ct+1)

u′(ct)
·Rt+1

]
(1.2)

Equation (1.2) is true for any asset return. These are the main results of the con-
sumption capital asset pricing model (CCAPM).

1.1.2. Law of One Price, Absence of Arbitrage, and Stochastic Discount
Factor

The law of one price entails that assets with the same pay-off should have the same
price. If the law of one price holds, then there exists at least a stochastic discount factor
(denoted as SDF or mt+1) that can be used to price the asset at time t.2 The reasoning
for this claim is quite simple. Because all the assets or portfolios with the same pay-off
should have a same price, hence there should be a common pricing kernel that links the
pay-off to a common price. However, the pricing kernel need not be unique or positive.
It is called SDF because it depends on the state in the future. Therefore, mt+1 is a
abbreviation of mt+1(ω), where ω is the state of the economy at time t + 1. Therefore,
mt+1 is not deterministic at time t. For example, with the consumption pricing model in

equation (1.1), the SDF is mt+1 = β
u′(ct+1)

u′(ct)
.

Next, we will present another concept called “Arbitrage". Arbitrage is just a free
lunch. Following Björk (2009), an arbitrage opportunity arises when we have a portfolio
or an asset that has zero value today (hence a zero price today) but will have positive
value in the future. It is a free lunch in the sense that we can acquire this asset at zero
cost but can still have a positive pay-off in the future.

If such an opportunity happens, it would be lucrative for an investor to buy as much
as possible of this asset. When everyone is doing that, the demand for this asset rises.

2See Cochrane (2009) for detailed proof.
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1.1. RATIONALITY, ARBITRAGE, AND STOCHASTIC DISCOUNT FACTOR

Hence, people are likely to pay something to acquire the asset. Therefore, its price will
rise from zero. The price will rise to an equilibrium point when the price represents
today’s fair value of this asset’s pay-off in the future. Hence, the arbitrage opportunity
disappears when investors try to exploit it.

Therefore, the existence and persistence of an arbitrage opportunity is rare on the
market. In financial economics, we use to assume a no-arbitrage condition. As the pay-
off of an asset in the future is positive, the price of this asset should be positive under the
no-arbitrage condition. This would mean that we have to pay something to get something
in the future.

Now, we come back to our pricing kernel mt+1. First, we know that the price of an
asset can be stated as: pt = Et

[
mt+1(pt+1 + dt+1)

]
. Second, we know that (pt+1 + dt+1)

is positive and pt is positive under the no-arbitrage condition. Hence, the pricing kernel
mt+1 is likely positive. It turns out this is the case. The reader can find a detailed proof
in Cochrane (2009) or Björk (2009).

In summary, under the no-arbitrage condition, there should exist a positive SDF to
price assets on the market. In the next part, I analyze the expected return, when we use
a positive pricing kernel.

1.1.3. The Expected Return

With 1 = Et

[
mt+1(Rt+1)

]
true for any return, including a risk-free rate return, the

gross risk-free rate at time t + 1, Rf,t+1, is deterministic at time t. Hence, we can make
two majors observations:

• Et
[
mt+1

]
= 1/Rf,t+1. This has to be positive under the no-arbitrage condition.

• and Et
[
mt+1R

e
t+1

]
= 0, where Re

t+1 is the excess return from the risk-free rate.

From these observations, we can derive the expected return of an asset:

Et[R
e
t+1] = −Rf,t+1 · cov(mt+1, R

e
t+1) (1.3)

Hence, the expected return of a stock is determined by the covariance of its return to
the SDF. We used to call it the covariance risk. Given the same expected pay-off or cash
flow of two assets, any investor would like to pay less to buy the riskier asset. Hence, the
expected return of the riskier asset needs to increase to compensate for the risk.

We can represent the SDF in different ways, or decompose the SDF in different com-
bining parts. Hence, as a result, the expected return of an asset will depend on the covari-

6

0123456789



CHAPTER I. INTRODUCTION

ance between this return and all the combining parts of the SDF. We call all the SDF’s
components risk factors. Therefore, the expected return of an asset can be predicted
based on its exposure to the risk factors. This is an important conclusion. However, to
get an exact prediction of the expected return, it is essential that we use the right model
(or the right specification of the SDF).

I will discuss here the two most common factors model in the literature, the consump-
tion risk factor and the market factor. Other factors will be discussed in details in the
below section.

First, if we apply the consumption CAPM model, then mt+1 = β
u′(ct+1)

u′(ct)
. As u′(ct)

is deterministic, then Et[R
e
t+1] ∝ −cov[u′(ct+1), R

e
t+1]. The marginal utility function

decreases with consumption. Therefore, we can say that Et[Re
t+1] ∝ cov[ct+1, R

e
t+1].

So an asset whose return is positively correlated with the consumption will be con-
sidered riskier. Why is that? Because this asset does not offer any hedging benefit to our
smoothing consumption process. Indeed, the asset offers bad returns in bad times (when
consumption is low). The asset has to be cheap enough for us to buy it. In other words,
the expected return has to be high enough to compensate for the risk of taking it.

On the opposite side, an asset whose return is negatively correlated with our con-
sumption is considered less risky because it offers a good return in bad times. In that
sense, this asset can be considered as an insurance against bad things. Hence, we have
to pay a premium to buy it. This would mean that the expected return of this asset is
lower in the future.

If we specify the utility function as either a quadratic utility function or an exponential
utility function plus a jointly-normal distribution of return, we will come up with the
CAPM model. (Treynor, 1961, 1962; Sharpe, 1964; Lintner, 1965; Mossin, 1966).3

The CAPM model states that:

Et[Rt+1] = Rf + βt · Et[Rt+1,M −Rf ] (1.4)

where M is the market portfolio and βt =
Covt

(
Rt+1, Rt+1,M

)
V art(Rt+1,M)

. The only risk factor

in the CAPM model is the market return. Only the covariance part of the asset’s return
to the market return is compensated for in the expected return. Other idio-syncratic risk
is not compensated for. This is because following CAPM, the idio-syncratic risk can be
hedged away by holding a well-diversified portfolio. However, the systematic covariance

3See Cochrane (2009) for the derivation.
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1.2. EFFICIENT MARKET HYPOTHESIS AND RETURN PREDICTABILITY

risk of the market cannot be hedged away.
Following the CAPM’s point of view, the market portfolio offers the best risk-reward

ratio, and hence the best Sharpe ratio. The market portfolio is also on the mean-variance
efficient frontier. Given the same level of risk, portfolios on the mean-variance efficient
frontier will have the highest expected return.

1.2. Efficient Market Hypothesis and Return

Predictability

In the previous section, we discussed the SDF as an important building block of the
expected return of an asset. In this section, I will present another important building
block: the efficient-market hypothesis (EMH). I also discuss how the efficient-market
hypothesis relates to the pricing kernel that we investigated in the previous section and
the predictability of asset returns.

1.2.1. Efficient Market Hypothesis

According to Fama (1970), the efficient market hypothesis (EMH) states that an
asset’s price should rationally reflect all relevant information. Fama (1970) divides market
efficiency into three levels:

• Weak form: Where all information from price, volume, and trading is included in
the price.
• Semi-strong form: Where all public information, which includes all the information

set in the weak-form plus fundamental finance information of the firm, is included
in the price.
• Strong-form: Where all information, both private and public, is already included

in the price.

If markets are efficient, we cannot systematically earn any abnormal return apart
from the expected return, so it is not possible to beat the market. However, as discussed
before, to know whether the market is efficient or not, one has to know the exact pricing
model, because knowing the exact pricing model helps us to define the right expected
return and hence to identify the abnormal return. In addition, to test or decide which
asset pricing model is true to be used, we have to make sure that the market is efficient,
because we need all information reflected in the asset pricing model so we can decide

8
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CHAPTER I. INTRODUCTION

which model does the best pricing job. Fama (1991) mentions this as joint hypothesis
testing in the sense that you test both the asset pricing model and the market efficiency
hypothesis.

1.2.2. EMH, SDF, Random Walk, and Stock Return Predictability

EMH does not entail that a stock’s return is not predictable. Indeed, risk plays a large
part in the predictability of a stock’s return. Following the discussion in the previous
part, with equation (1.3), we can predict stocks’ expected returns based on the covariance
risk between return and risk factors in the SDF. In this framework, if we can construct
the right SDF or identify the exact risk factors inside the SDF, we can construct the right
expectation of return. Hence, we can test whether there exist any systematic abnormal
returns apart from the model. If so, we can say that the market is inefficient.

However, with the joint hypothesis testing problem, we have to make sure that the
asset pricing model that we use is right. Therefore, the testing of market efficiency
becomes very hard to do.

Risk plays a big part in identifying the expected return. However, risk is usually
important in a long-horizon. In a very short time frame, for example at daily or minute
frequency, the covariance risks are substantially small and therefore can be seen as not
important.

In a very short time frame, we can consider the SDF as a deterministic value. Hence,
the covariance risk between return and SDF can be seen as zero. Following equation
(1.3), this would lead the expected return of an asset to be equal to the risk-free rate:
Et[Rt+1] = Rf,t+1, which is a constant. So, in the short run, we can assume that the
asset has a constant expected return. Of course, this assumption is not always correct.
However, as long as the covariance risk between return and the SDF is small enough in
the short run, the pricing error is very small and can be ignored.

In some cases, the gross risk-free rate can also be considered to be 1 also in the short
run.4 Hence, the gross expected return of an asset can be set to be equal to 1.5 This is
also equivalent to the assumption that SDF is constant and equal to 1.

With the pricing equation pt = Et[mt+1(pt+1 + dt+1)], mt+1 = 1, and assuming no
dividend in the short run, then the expected asset price of the next period is today’s
price or pt = Et[pt+1]. Hence, we can write the asset price as a random walk (RW)

4Hence, the net risk free rate is zero.
5Hence, the net return is zero.
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1.2. EFFICIENT MARKET HYPOTHESIS AND RETURN PREDICTABILITY

process of

pt+1 = pt + εt+1 (1.5)

where εt+1 is the shock at time t+1. This shock is independent of (hence orthogonal with)
the current price. Then, E[pt · εt+1] = 0. The shock is also independent of the previous
shocks; hence, E[εt+1−j · εt+1] = 0,∀j ≤ t. The RW process is the common process that
goes alongside EMH. The logic behind this is quite simple. If the market is efficient
enough and all information is included in the price, the best guess for tomorrow’s price
is today’s price. The only thing that drives tomorrow’s price is the information shocks
happening tomorrow.

RW is the common process that is used to describe the market efficiency in the short-
run. With RW process, we have some very interesting properties that can be used to test
market efficiency.

The two most common tests with the RW process are the auto-correlation test, and
the variance test. The former is based on the fact that pt = Et[pt+1], the net return
Et[rt+1 =

pt+1

pt
− 1] = 0. Hence, if we run an auto regression (AR) such as:

Rt = β0 + β1 ·Rt−1 + β2 ·Rt−2 + · · ·+ βq ·Rt−q + εt (1.6)

and if markets are efficient, with constant expected return, then the coefficient β0 will
capture the constant expected return. The other coefficients (β1, β2,. . . , βq ) should also
be zero, or at least insignificantly different from zero. If EMH with constant expected re-
turn does not hold, the β coefficients are (significantly) non-zero. Fama (1965); Fama and
Blume (1966) shows that these coefficients tend to be very small and the deviation from
RW cannot be exploited with profit after the trading cost. So, in the 1970s, researchers
were in favor of the EMH.

The other test is the variance ratio test of Lo and MacKinlay (1988, 1989). They use
the fact that the variance of asset return under the RW process is proportional to the
time horizon to test the EMH. For example, the ratio between the variance of the 3-days
asset return and the variance of the 1-day asset return should be equal to 3, if the stock
return follows an RW process. They found that this is not always the case. This finding
is against EMH. In the first paper of this thesis (discussed below in detail), I derive a
novel measure to test market efficiency, and as such contributes to the on-going debate
in the literature on market efficiency.
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1.3. Adaptive Market Hypothesis (AMH)

In the above section, we discussed the EMH, whose underlying premise is a rational
pricing model. The discussion about market efficiency is long and controversial. The
basic assumption of rationality is usually denied by other researchers in the behavior
finance. The two schools of thought rarely agree with each other. There is a new theory
named “adaptive market hypothesis" of Lo (2004, 2017), which is a synthesis of these
two approaches, that can be used to describe the market. In this part, I will first go
through some critiques of the rationality assumption. Then, I will present the main idea
of AMH with illustrative examples. I will also explain why AMH is a good base for me
to construct the first two papers of my thesis.

If we first just focus on the human aspects of the market, then the market is the
collection of all economic agents who interact with each other. As we discuss above, the
central property of the human in neoclassical-economics is rationality. This property en-
sures that we can portray human-economic-behavior in a structured and institutionalized
way to better predict economic outcomes. However, some may also argue that human
behavior is not always predictable. Therefore, the neoclassical approach is merely an
abstraction, and an over-simplification of human behavior.

According to Hausman (2003) “The Philosophy of Economics", rationality is reflected
through the preference among different choices. The common assumption in economics
is that human preferences are either risk-neutral, risk-averse, or risk-loving. However,
through different experimental studies, it can be seen that the human preference for risk
is not consitent.

The two psychologists Kahneman and Tversky (1979), show that humans are usually
risk-averse when it comes to gaining new opportunities, and risk-loving when it comes to
loss. For example, people tend to prefer a certain gain of 40 USD over a lottery with a
50% chance of gaining 100 USD and a 50% chance of gaining nothing. In this case, even
though the expectation value of the lottery is 50 USD, because people are risk-averse,
they tend to choose a lower certain value gain (40 USD).

However, when it comes to loss, people also tend to prefer a lottery with a 50 % losing
100 USD or a 50 % chance of losing nothing over a certain loss of 40 USD. In this case, even
though the lottery’s expectation of loss is 50 USD, which is more severe than a certain loss
of 40 USD, because people are risk-loving, they tend to gamble. Lichtenstein and Slovic
(1971) show that people are also irrational when it comes to classifying the preference for
a choice. These examples are the most typical in behavioral economics, which illustrates
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the uncertainty of human-behavior in economics. Therefore, it will be harder to study
the market if we only have a predetermined set of assumptions about human-economic-
behavior as in the neoclassical paradigm. This uncertainty about preferences and the
rationality of economic-behavior leads to a new branch of economics/finance study called
behavior economics and behavior finance.

Apart from the rational and behavioral approaches, Lo (2004, 2017) states that mar-
kets are not always rational but can be emotional and also have to adapt to a changing
environment via simple heuristics. This is due to the fact that people are not always
rational. The most important aim of the investor is to first survive in the market “en-
vironment" before maximizing profits. Therefore, a single equilibrium stage is hard to
persist. If so, market efficiency is also dynamic and can change from time to time. Lo
(2004, 2017) propose a concept called adaptive market hypothesis (AMH) and suggests
that we can use evolutionary approach to study the dynamics of market efficiency. In-
deed, if we treat participants as different species in a market environment, we can classify
for example some “species" as the “prey", and some as the “predator".

One example of this environmental approach can be presented as follows. High fre-
quency trading (HFT) is a new “species” in the market that emerged in the 2000s. These
activities are now essential in the market. According to Miller and Shorter (2016), 55
% of the trading volume in equity in the US is done by HFT. The percentage is roughly
80% in foreign exchange. Hence, there exists a new strong species (HFT) that changes
the market environment context.

Trades now happen in a couple micro-seconds with super computers. If the average
traders do not adapt to this new environment, they are too slow and thus can become
“prey" to HF traders, who are faster at acquiring information. Biais, Foucault, and
Moinas (2015) prove that fast traders with more information can impose the cost of
adverse selection to other slow traders.6 This can cause a market failure. The authors
also show that fast trading can compete with each other to better exploit information,
thus generating an arms race of technology over-investment with the high temptation of to
be fast rather than slow. A well-designed tax scheme (Pigovian), or two separate markets
(fast and slow), according to the authors, can solve the problem. Different “species" in
the market will lead to competition, adaptation, and natural selection among species.

To illustrate the above competition, consider a “front-running" case when one “slow"

6If market efficiency is weak, and some information is not fully reflected in prices, it is easy for the
informed traders to beat the market. In contrast, the ignorant trader can make a bad decision in trading.
This is an adverse selection situation.
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investor would like to buy 100 000 shares of APPLE. Such a large volume order is partly
filled in one exchange (for example : 10 000 shares in exchange A). The remaining volume
will be routed to an other exchange (for example: 90 000 in exchange B). If the HF
trader can somehow predict the order movement, he can quickly buy the APPLE shares
in exchange B, then resell them at a higher price to the “slow" investor. Algorithms
can perform the “front running" process in just a couple of milliseconds. Figure (1.1)
illustrates the process.

Figure 1.1. Front Running.

Following these above discussions, it is more realistic for AMH to say that, first,
markets are not always efficient. Second, we cannot consider every economic agent to have
optimal behavior, because they have first to survive before optimizing profit. Sometimes,
the decision has to be made quickly enough to survive.

• So, the decision can be based on heuristics (which is not always optimal). Optimized
behavior is not always in place due to emotional biases. Lo (2004, 2017) suggest
that instead of “optimized behavior", “heuristics" behavior is more common in the
market-place. Heuristics behavior is similar to the “bounded rationality" of Simon
(1955). The concept explains that optimization is costly, so humans make choices
that they find satisfying but not necessarily optimal. This is more reasonable,
for example, in the HFT setting. The decisions are mainly made by computer
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algorithms. In this setting, different computers will compete with each other on
speed. To have a completely optimized decision, one can reduce the speed of decision
making, thus risks becoming the “prey" like in the above example.
• Second, the decision is also based on a limited information set (not always complete).

This is a corollary of heuristics.
• Third, the decision of one agent is not always independent of an other agent’s

decision. One example of the correlation of decisions can be found in the Flash
Crash on 6 May 2010. During the crash, stock indexes such as the S&P 500, the
Dow Jones Industrial Average, and the Nasdaq Composite collapsed and recovered
rapidly in half an hour. There was no specific economic reasons that could explain
the crash. Kirilenko, Kyle, Samadi, and Tuzun (2015) argue that HFT algorithms
increased the market volatility during the crash by repeatedly buying and selling
amongst themselves.

The AMH is based on the idea that the market environment changes over-time and
economic agents have to adapt to survive. Thus, the AMH will have some interesting
implications when we compare it with the usual rationality approach that we discussed
above.

• The risk-reward relationship is not stable over-time, because it is based on the
market environment, which consists of different actors (or species) that evolve over-
time. Tax, law, and regulation also change over-time. These changes create a
dynamic market environment. Risk and return that are not stable overtime will
lead to a changing risk premium.
This time-varying risk premium can also be established with the rational expecta-
tion model that I present above when we have a change in risk preference. However,
the new contribution of AMH is that the change in the risk preference can be due to
a natural selection process. This means that when the environment changes, some
types of investors survive and redefine the risk preferences and hence the risk-reward
relationship.
• Arbitrage opportunities can appear from time to time. This is contrary to EMH,

which assumes that all information is included in prices. If mispricing happens,
then arbitrage force arises quickly to push the price toward equilibrium. So, there
is no free lunch, or systematic abnormal return, under EMH. Through the arbitrage
force, the market will have a strong trend toward strong efficiency. However, AMH
views that arbitrage can happen in cycles, where it appears-disappears-reappears.
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When an arbitrage opportunity appears, it can die out when everybody exploits it.
However, new arbitrage opportunities will arise because of the changing of types of
investors, changing regulation, and changing business conditions.
• The third implication is that the profitability of investment strategies will also go

up and down because of the natural selection process. With EMH, by the arbitrage
force, new abnormal returns will disappear when everybody exploits them. With
AMH, Lo (2004) argues that certain good strategies can decline in certain environ-
mental conditions. However, they can also rise again when the market conditions
become favorable.
The second and third implications would also imply that the market’s efficiency
will change and adapt over-times. There will be periods when we have significant
abnormal returns along with efficient periods.
• The fourth implication is that the ultimate goal is survival, not optimization of

utility or profit. Although utility or profit maximization is relevant, in a natural
selection context, one has to survive first.
• The final implication is that innovation is the key to survival. With EMH, to achieve

a certain level of expected return, we just need to be exposed to a certain level of
risk. With AMH, this is not enough, because the environment, and the risk-reward
relation, changes over-time. When the key goal is to survive, economic agents have
to be adaptive. The key to being adaptive to a new environment is to innovate.

These observations of AMH are the background on which I construct the first two
papers of my thesis. Based on the implication that market efficiency can change over-time
and is not static, I construct a measure of market efficiency. Then, I apply this measure
to investigate the market efficiency level across assets and time. I will summarize the
findings of these two papers in the summary section below. In the next section, I will
discuss the asset pricing factors model, which is the foundation of my last two papers.

1.4. Factor Model and Expected Return

The above sections set the ground for us to define the expected return. As shown
above, the most common approach is to use the SDF to derive the rational expectation
of an asset’s future return. In the first section, the SDF can be described as the marginal
rate of substitution of consumption. Another common approach is using the factor model
for the SDF. In this approach, one usually constructs the SDF as a linear combination
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of different factors. Each factor is usually a portfolio return. The combination of these
factors will give us a portfolio that has the maximum Sharpe ratio squared. Hence,
the portfolio lies in the mean-variance efficient frontier. First, I will go through the
Hansen and Jagannathan (1991) bound and the logic of why we can use portfolios on
the mean-variance efficient frontier to present the SDF. Then, I will move on to how
to use characteristics-managed portfolios to construct the SDF, and finally, the factor
representation of an expected return.

1.4.1. Hansen Jagannathan Bound, SDF Presented with Portfolio Return.

Recall equation (1.3), where Et[Re
t+1] = −Rf,t+1 · cov(mt+1, R

e
t+1). With 1/Rf,t+1 =

Et[mt+1], we can formulate the equation as:

Et[R
e
t+1] = −Rf,t+1 · cov(mt+1, R

e
t+1)

|Et[Re
t+1]|

σ(Re
t+1)

=
|ρ · σ(mt+1)|
Et[mt+1]

where ρ is the correlation between the SDF and excess return. Because the correlation
is from -1 to 1, we come up with the Hansen and Jagannathan (1991) bound:

|Et[Re
t+1]|

σ(Re
t+1)

≤ σ(mt+1)

Et[mt+1]
(1.7)

The left-hand side is the absolute value of the Sharpe ratio, and the right-hand side is
the ratio of the volatility of the SDF to the SDF’s expected value. The bound can be
illustrated as follows in figure (1.2).

In the figure, the two slopes are bound by the value: ± σ(mt+1)

Et[mt+1]
. The two bounds

create a mean-variance frontier. Returns in the upper part of the frontier are perfectly
negatively correlated with the SDF and hence positively correlated with consumption.
These asset returns are considered risky and thus should have higher expected returns.

The logic is the opposite with the asset returns in the lower part of the frontier.
These returns are perfectly positively correlated with the SDF and hence negatively
correlated with consumption. These asset returns have hedging benefit, thus, requiring
lower expected returns.

As we can see, the maximum absolute Sharpe ratio of a portfolio has to be equal to
σ(mt+1)

Et[mt+1]
. This is possible if and only if this portfolio return is perfectly correlated with

the SDF. This portfolio can hence be found on the mean-variance efficient frontier (the
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Figure 1.2. Hansen and Jagannathan (1991) bound. The figure is from Cochrane
(2009).

upper part of the mean-variance frontier). If we call that portfolio excess return Re,mv
t+1 ,

then we can always represent the linear relationship between Re,mv
t+1 and mt+1 as

mt+1 = g + h ·Re,mv
t+1

Re,mv
t+1 = n+ f ·mt+1

where n, f, g, and h are scale numbers. Therefore, we can represent the SDF as just a
linear combination of the maximum Sharpe-ratio return on the mean-variance efficient
frontier and a scale number. It turns out that not only the maximum Sharpe-ratio
return, but also any portfolios’ returns in the mean-variance efficient frontier can carry
the information of the SDF. So, we can always find the right parameters g, h to make
mt+1 = g + h · Re,mv

t+1 with any portfolios in the mean-variance efficient frontier. A proof
can be found in Cochrane (2009).

Note that we can always use the asset’s returns on the market to construct a portfolio
on the mean-variance efficient frontier. We can also use different portfolio returns to
construct a portfolio on the mean-variance efficient frontier. This is the essential point
of different factor models in the literature. Indeed, many factors in the literature are
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portfolio returns. The underlying assumption of these factor models is that these factors
help us to construct the maximum Sharpe ratio portfolio.

A new factor is usually discovered because its return cannot be explained by other
existing factors’ return. Hence, if we include that new factor among the old factors, we
can get a higher maximum Sharpe ratio and hence a new SDF with less pricing error.

In the next part, I will first discuss the general form of a linear factor model in
asset pricing. Then , I will move forward to the difference between conditional and
unconditional models. And finally, the rationale for using the characteristics based factor
models that are very popular in the literature.

1.4.2. Linear Factor Model

The covariance between return and SDF is considered a risk to consumption. In that
sense, if SDF is a combination of different risk factors that can affect consumption, then
the covariance between return and these risk factors should offer a reward also.

Generally speaking, we can assume that the combination of an SDF can be represented
as: mt+1 = at + f̃Tt+1dt, where f̃Tt+1 is the transposition of risk factors vector, and f̃Tt+1 is
usually a demeaned vector (̃fTt+1 = fTt+1 − Et[fTt+1]), hence having an expectated value of
zero. The term dt is the risk coefficient vector, and at is a scale number. We can also
scale at and dt up with the SDF such as mt+1 = 1− f̃Tt+1bt. This SDF has an expectation
of 1. From this SDF, we can derive a β pricing model for the expected excess return as
follows:

Et[R
e
t+1] = −

covt(mt+1, R
e
t+1)

Et[mt+1]

= covt(R
e
t+1, f̃

T
t+1) · bt

= covt(R
e
t+1, f̃

T
t+1)vart(̃ft+1)−1vart(̃ft+1) · bt

= covt(R
e
t+1, f

T
t+1)vart(ft+1)−1vart(ft+1) · bt

Et[R
e
t+1] = βββTt λλλt+1 (1.8)

So, the expected excess return of an asset will depend on the βββt exposure of this asset
return to each and every risk factors, and on the risk premium vector λλλt+1 of the factors.

Now, knowing from the previous sub-section that one can always represent the SDF
as a linear combination between a scale number and a return from the mean-variance
efficient frontier (Re,mv

t+1 ), we can always write that portfolio as a linear combination of
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different portfolios. Therefore, we can consider these element-portfolio returns as factors
such that f̃Tt+1bt = h ·Re,mv

t+1 . Hence, the above analysis lets us have a factor model when
expected return depends on the exposure to different factors in the form of portfolio
returns. In this case, when all factors are tradable assets (or portfolios), then in an
arbitrage-free market, λλλt+1 = Et[ft+1 − Rf,t+1 · 1]. This factor structure of expected
returns is similar to the factor structure of Ross (1976) arbitrage pricing theory.

1.4.3. Conditional and Unconditional Factor Model

The model in equation (1.8) is a conditional asset pricing model adaptive at time
t. Thus, we have the expectation at time t. This conditional pricing model does not
always imply the unconditional pricing model. This means that Et[mt+1R

e
t+1 = (1 −

bT
t f̃t+1)Re

t+1] = 0, with bt deterministic at time t, does not always lead us to find a
constant risk coefficient vector b such that E[mt+1R

e
t+1 = (1− bTf̃t+1)Re

t+1] = 0. Or, in
other words Et[Re

t+1] = covt(R
e
t+1, f̃

T
t+1) · bt does not imply E[Re

t+1] = cov(Re
t+1, f̃

T
t+1) · b.

In fact, we can start by taking the unconditional expectation of the conditional model:

E[Re
t+1] = E[Et[R

e
t+1]] = E[covt(R

e
t+1, f̃

T
t+1) · bt]

= E[covt(R
e
t+1, f̃

T
t+1)]E[bt] + cov(covt(R

e
t+1, f̃

T
t+1),1T · bt)

= cov(Re
t+1, f̃

T
t+1)b + cov(covt(R

e
t+1, f̃

T
t+1),1T · bt)

The unconditional model holds if the covariance term cov(covt(R
e
t+1, f̃

T
t+1),1T · bt) = 0.

This will happen when bt = b, or when the risk coefficients on factors are not time-
varying.

In brief, if mt+1 = 1−bTf̃t+1, then both conditional and unconditional factor pricing
models hold.

1.4.4. Characteristics-Based Factor Models

So far, we have shown that the expected return can be presented as a factor structure,
where every factor can be a return. In general, we can also present the SDF as follows:

mt+1 = 1− bT
t

[
ret+1 − Et[ret+1]

]
(1.9)
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where ret is the vector of the net excess return of all assets. As we showed above, bt can
be time-varying and will lead to the conditional pricing model. To test this conditional
model, we have to gather asset return data and estimate bt at every point in time.
In practice, this is not always an easy procedure. In fact, we often can only test the
unconditional model when we can use all the historical data. Hence, we need a better
way to both use the unconditional model and allow bt to be time-varying. The most
prominent way is to use instrumental variables.

Instrumental variables in this context will be characteristics of assets. These charac-
teristics can be accounting variables or other information about the assets. For example,
some well-known characteristics are: book to market (BM), size, momentum, profitabil-
ity, investment, liquidity, skewness of asset return, volatility of asset return, etc. In the
literature, we gather these characteristics into a matrix called Zt. Zt has a dimension
of N × K, where N is the number of assets and K is the number of characteristics.
Hence, every column in Zt contains the information of one characteristic of N assets.
Each column in Zt will be demeaned to have every column’s sum equal to zero. This
matrix is adaptive at time t, and we can easily gather the information of Zt. We use Zt

instrumentally in such a way as
bt = f(Zt) · b (1.10)

where f(Zt) is a function that maps Zt from N ×K to N ×L, and b is an L× 1 vector.
As usual, this transformation will also ensure that every column’s sum of f(Zt) equals
zero. Hence, we can write f(Zt)

T · ret+1 = ft+1, where each element in the vector ft+1 is a
return from a net long-short portfolio. Therefore, each element in ft+1 is a factor in the
form of a net long-short portfolio return. Then, we can rearrange our SDF as

mt+1 = 1− bT · f(Zt)
T

[
ret+1 − Et[ret+1]

]

= 1− bT ·

[
ft+1 − Et[ft+1]

]
mt+1 = 1− bTf̃t+1 (1.11)

Following the discussion in the previous subsection, we can derive an unconditional factor
model : E[Re

t+1] = cov(Re
t+1, f̃

T
t+1) · b = βββTλλλ. This unconditional model is more suitable

for testing.

I will show some of the most-used functions of f(Zt). First, it is easy to let f(Zt) = Zt,
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hence Zt
T · ret+1 = ft+1. This is the well-known approach that can be found, for example,

in Kozak, Nagel, and Santosh (2018, 2019); Kelly, Pruitt, and Su (2019); etc.
Second, there is another family of functions called sorting functions based on charac-

teristics. Indeed, every characteristic column in Zt will be sorted from low to high values,
then assigned a weight. For example, we can sort the column of the characteristic Size
into deciles, and assign positive weight to the top decile of assets and negative weight
to the bottom decile. Other assets in other deciles will get zero weight. The weight as-
signment also ensures that the total weight of this column is equal to zero. This process
will give us a factor of net long-short portfolio return. This process is named “uni-variate
portfolio sorting."

The sorting process can be more complicated by applying double sorting indepen-
dently, or dependently to create different factors.7 These approaches are quite common
in the literature, for example, Fama and French (1993) three-factors model, Carhart
(1997) momentum factor, Fama and French (2015) five factor model, Hou, Xue, and
Zhang (2015) q-factor model, etc.

With these cited models, not only does the use of instrumental variables help us to
derive the unconditional model while still letting bt be time-varying, but they also help
us to reduce the dimension of the problem. Usually, with the family of sorting functions,
K = L, and K is usually small, below 10. Hence, we will come up with a reduced form
factor-model with only a few important factors. The low number of factors will make
any testing process simpler when one can just run a regression of the excess return on a
reduced set of factors.

Indeed, a low number of K, the number of characteristics, also helps us to better esti-
mate b, and hence better estimate the risk premium (var[ft]·b). Note that E[ft+1mt+1] =

E[ft+1(1− f̃Tt+1b)] = 0. Subsequently, E[ft+1] = Σb. Hence, b = Σ−1E[ft+1]. The matrix
Σ−1 is the inverted matrix of the covariance matrix of factors. The estimation of the
covariance matrix will become very inaccurate when the number of factors increase sub-
stantially. WhenK is big, the estimation of the inverted this matrix is also computational
costly and inaccurate.

Therefore, traditional approach tends to reduced the number of factors to alleviate
these statistical, and computational obstacles. One can always raise the concern of omit-
ted factors if we use just a handful of factors. Certainly, these reduced-factors models
cannot explain all the variation in the cross-sectional asset returns, but empirical works
show that the Fama French three and five factors, and the q-factor model are quite

7Bali, Engle, and Murray (2016) book gives a very good description of these sorting procedures.
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powerful. These models can explain hundred of anomalies that CAPM cannot explain.

Since there is no strict restriction on which characteristics should be included in
the characteristics matrix, the literature has witnessed a boom inn discovering factors.
Harvey, Liu, and Zhu (2016), and Harvey (2017) document that this “factor zoo” consists
of more than 300 factors. These factors easily prompt false positive discovery. Hence,
there is an emerging literature on how to tame this factor zoo. The problem is sometimes
enlarged to not just 300 but thousands factors and predictors of asset returns.

Recent approaches are to include all possible factors, then we will use different tech-
niques from machine learning, such as LASSO, ridge regression, deep learning, tree regres-
sion, etc. to not just reduce the dimension of the problem but also account for non-linear
relationships and interaction between factors. In our context, the function f(Zt) can be
changed to f(Zt,xt) to map a dimension of Zt of N × K to N × L when L can be up
to thousands or hundred of thousands. This is possible when we let the characteristics
interact. It is also possible when we introduce xt as exogenous variables, for example,
macro-economic variables. The macro variables can interact with other characteristics to
form thousands of new characteristics. Some recent works in this field can be found in
Kozak et al. (2018, 2019); Harvey et al. (2016); Harvey (2017); Kelly et al. (2019), Kozak
(2019); Feng, Polson, and Xu (2018); Chen, Pelger, and Zhu (2019); Gu, Kelly, and Xiu
(2020), etc.

My last two papers in this thesis are based on the characteristics-based factor-model
framework. In the third paper, I investigate the stock’s stable liquidity as a characteristic
that is priced in the market. I show that the factors built on liquidity and liquidity-
volatility have risk premia. These risk premia cannot be explained by other common
factors in the literature. In the fourth paper, I use more than 100 characteristics to build
factors. These characteristics help investors to form their believes about the stock future
returns. In the next section, I will discuss in details the contribution of these papers.

1.5. Summary of Four Papers

In the above sections, I went through the major theories and methodologies that my
thesis is based on. In the last section of this chapter, I will give a summary of each paper.
I will also discuss how these papers fit in with these above theories and methodologies.
Finally, I highlight the main contribution of these papers.
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1.5.1. Paper 1: “A Simple but Powerful Measure of Market Efficiency”

As discussed above, we can use the RW process to describe the EMH in the short
term. Based on this finding, several works try to develop a test for market efficiency. In
the 1970s, the common view was that the market is efficient. With Lo and MacKinlay
(1988, 1989), we recognized that the market can be inefficient. Then, we came to the
adaptive market hypothesis of Lo (2004, 2017). The main idea is that the market is not
a static object. The market can sometimes be efficient and sometimes not. Based on this
observation, we develop a new measure (AMIM) to quantify the level of market efficiency.

The measure is first based on the auto-correlation test on return, but then is improved
to be robust against insignificant auto-correlation. This paper is a joint work between me
and Thomas Leirvik and is published in Finance Research Letter. Our measure is not the
first measure of the level of market efficiency. However, we show that our new measure
offers new advantages compared with existing measures in the literature. Indeed, our
measure is easy to compute. AMIM is also easy to use when giving a common ground for
comparing the efficiency level across assets and time. We also show that AMIM’s type 1
and type 2 error are quite small. Finally, AMIM is very sensitive to major events in the
market. This confirms the AMH in the sense that market efficiency changes over time
due to major changes in the market. In this paper, we also illustrate how to apply AMIM
to different data.

1.5.2. Paper 2: “Efficiency in the Markets of Crypto-currencies”

This is a joint-work with Thomas Leirvik and is accepted for publishing in Finance
Research Letters. In this paper, we apply the AMIM measure that we derive in the
first paper to investigate the efficiency level in the crypto-currency markets. The crypto-
currency markets have attracted a lot of attention from the public in recent years. We use
AMIM to check the level of efficiency of five major crypto-currencies (Bitcoin, Litecoin,
Ethereum, EOS, and Ripple) from 2013 to 2019.

We find that the efficiency level in these markets varies over-time. Before 2017, crypto-
currency markets were mainly inefficient. This corroborates other results on the matter.
However, in the period 2017-2019, crypto-currencies markets became more efficient. On
average, in our sample, Litecoin is the most efficient currency, while Ripple is the least
efficient currency.
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1.5. SUMMARY OF FOUR PAPERS

1.5.3. Paper 3: “Stable Liquidity”

In the first two papers, I investigate the expected return and market efficiency in the
short term. In papers 3 and 4, I investigate the expected return in the longer-run. As
discussed above, bearing systematic risk is likely the main reward for a higher expected
return in the future. In the third paper, I investigate the effect of liquidity and liquidity-
volatility on the expected stock returns from 1993 to 2013. This is a joint-working-paper
with Thomas Leirvik.

We define the effective spread as a measure of liquidity because it represents the true
trading cost. We also argue that investors care not only about the level of liquidity but
also about its variation. In fact, investors will likely prefer stocks that have a more stable
liquidity level. By stable liquidity, we refer stocks that have both a high average level of
liquidity and a low liquidity-volatility.

Therefore, we investigate if the level of liquidity and the liquidity-volatility are priced
in the cross-sectional stock returns. We find that both the level and the volatility of
liquidity are priced in the cross-sectional stock returns, even when we control for other
well-known factors such as book to market, momentum, β market exposure, and reversal.
Stocks with a high level of illiquidity (high spread) will have a higher expected return
than the lower stable spread. We also find that a stock has a high liquidity-volatility level
has a higher expected return than a stock with a lower liquidity-volatility level.

The positive relationship between the liquidity-volatility and the expected return is
robust in our paper. This result contradicts Chordia, Subrahmanyam, and Anshuman
(2001)’s results. Indeed, Chordia et al. (2001) document a negative relationship between
the expected return and the liquidity-volatility, which they call the liquidity-volatility
puzzle. We show the opposite results. There are two reasons for that: first, we use
a more direct and precise measure of liquidity-volatility (the volatility of the effective
spread), and second, Chordia et al. (2001)’s measure of liquidity-volatility is a noisy
measure that has weak predicting power on the expected return.

1.5.4. Paper 4: “Mispricing Characteristics"

In this paper, I investigate the economy when investors have heterogeneous views on
future pay-off and return. I derive a consumption equilibrium model and investigate the
feature of the model. In my model, investors have biased views (or sentiment) about
future pay-off and return. The aggregate biased belief of all investors in the market
creates a sudden rise or fall in the stock’s price. Hence, a correction will likely to occur
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in the future. This correction creates the dispersion in the cross-sectional expected stock
return.

I also use characteristics as instrumental variables in my model. In that sense, in-
vestors will use stock’s characteristics as information to form their biased view about
future expected returns. Using characteristics as instrumental variables can create a fac-
tor structure for the expected return as we discussed in the Characteristics-Based Factor
Model section. In that sense, the expected correction return due to mispricing today can
be described as a characteristics based factor model. Therefore, the model in this paper
builds a bridge that connects the characteristics-based model and the sentiment model.

In the paper, I use empirical analysis to confirm the model’s implications. I also
investigate which characteristics-based factors are important to the expected return. I
use 101 characteristics with the data sample of US stocks from 1980 to 2018. It turns
out that only a handful of characteristics matter both statistically and economically (4
to 11 out of 101).

Using ex-ante information, I also form a mispricing factor. This mispricing factor
shorts the over-valued and longs the under-valued. The long-short portfolio generates an
α from 0.7% to 1.38% a month after controlling for other common factors and mispricing
measures. I also find that some well-known anomalies, and risk premium in the literature
(β anomaly, size, illiquidity, maximum return, momentum, liquidity-volatility, return on
equity) is only represented in either under-priced or over-priced stocks but not in the
entire cross-section of stocks.

Finally, I show that the mispricing sentiment model in this paper can also be repre-
sented as a risk model. Indeed, I prove that the correction return due to mispricing can
be represented as the covariance risk between return and a latent factor containing infor-
mation of the aggregate bias belief in the market. Hence, the risk presentation and the
sentiment presentation become just two sides of the same coin in this model framework.
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A B S T R A C T

We construct a simple measure to quantify the level of market efficiency. We apply this measure
to investigate the level of market efficiency and analyze its variation over time. The main con-
tribution of the new measure is that it makes it easy to compare market efficiency across assets,
time, regions, and data frequencies. We find that markets are often efficient, but can be sig-
nificantly inefficient over longer periods. Our empirical results indicates that in many periods of
major economic events, financial markets becomes less efficient. This corroborates earlier results
on market efficiency, and simplifies interpretation and comparisons.

1. Introduction

In this paper, we derive a new measure to quantify the level of market efficiency. We use the term Adjusted Market Inefficiency
Magnitude (AMIM). The AMIM increases as market efficiency decreases, and decreases as market efficiency increases. The maximum
level of AMIM is 1, which implies a highly inefficient market. There is no lower boundary, but if the measure produces a negative
number, the market is assumed to be efficient. This makes interpretation very simple: a positive AMIM indicates an inefficient market,
and a negative AMIM indicates an efficient market. The AMIM is very easy to compute, and is computationally inexpensive. This
implies that comparisons over time, assets, asset classes, and geographical regions are carried out with ease. We show that it has
several advantages over existing measures of market efficiency, and are able to detect periods of the economy that is known for much
uncertainty about prices and values.

The Efficient Market Hypothesis (EMH) is based on the idea that an asset’s price should reflect all relevant information and that
economic agents, and thus the financial markets, are rational. The EMH was introduced in the seminal paper by Fama (1970). Market
efficiency is usually described in three levels: weak, semi-strong, and strong form. There is a vast amount of literature in the field to
test if markets are efficient in both weak form and strong form, see for example the papers by Fama (1970), Fama (1991), and
Yen and Lee (2008) for more details. The consequence of market efficiency is that future prices, and returns, are random and should
not be possible to predict. This randomness can be modeled by a random walk, which is a mathematical description of a stochastic
process where each increment is random and independent of earlier increments. That stock returns are not totally random has been
shown in several empirical papers, for example (Reinganum, 1983; De Bondt and Thaler, 1985; Jegadeesh and Titman, 1993). In this
paper we derive an estimator of the level of market efficiency. The measure, AMIM, makes it possible to quantify how efficient the
market is, and determine whether it should be classified as inefficient or efficient.

According to Lo (2004), markets are not always rational, nor optimal, but sometimes heuristic, and emotional. Lo (2004, 2017)
proposes a concept called Adaptive Market Hypothesis (AMH), and suggests that we can use evolutionary models for studying the
markets. The assumption is that financial markets are not static objects, but adapt to a changing environment via simple heuristics. If
so, market efficiency is also dynamic and can change over time. Tests of the AMH for different markets, assets, and frequencies of
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observations, has been carried out by numerous authors, see for example (Urquhart and Hudson, 2013; Urquhart and McGroarty,
2014; 2016), and the references therein. These papers largely conclude that markets are adaptive, thus market efficiency varies over
time. This variation of market efficiency in time has been studied thoroughly, see, for example the paper by Lim and Brooks (2011)
for a survey on the matter. To study the variation of market efficiency, one often applies moving windows that consists of daily,
weekly or monthly data. These windows are then applied to investigate whether prices behave according to a random walk process,
see for example (Choi, 1999; Kim and Shamsuddin, 2008). The usual focus is on answering the question: Are markets always efficient?
We enlarge the discussion of market efficiency by addressing the questions: How large is the inefficiency level, and how does it vary over
time? We find that market efficiency is indeed varying over time. The AMIM-measure captures periods with much uncertainty and
hence difficulties in determining what information should be incorporated in prices.

The papers by Ito et al. (2014, 2016) and Noda (2016) derive a measure to quantify market efficiency. The authors investigate the
variation of the efficiency level by estimating the auto-correlation in stock monthly return through a time variant auto-regressive (TV-
AR) model, which is designed to capture a set of auto-correlation coefficients in each observation in time. In particular, Noda (2016)’s
measure aim to capture the time-varying degree of market efficiency (TIME). From the return auto-correlation coefficients, TIME
captures the time-varying degree of market efficiency, and hence aims to measure the inefficiency level of the market. In this paper,
we extend the results in two main areas: first, our model does not depend on the frequency of the data in the sample, whereas the
existing models are more suitable for low frequency data. Second, we do not choose the number of autocorrelation lags in advance.
Indeed, Ito et al. (2016, 2014) and Noda (2016) model is challenging to apply to high frequency data when the number of estimations
can be up to millions each day.

The AMIM is derived using both the autocorrelation coefficients of a time series of stock returns and the confidence intervals of
these coefficients. The measure is thus robust against insignificant autocorrelation. Specifically, we start with a measure that we
denote market inefficiency magnitude (MIM), and use its confidence interval to adjust the MIM to produce AMIM. Therefore, our
measure is also a type of test of market efficiency. MIM builds upon (Noda, 2016)’s measure called time-varying degree of market
efficiency (TIME). The TIME measure has many novel contributions, but is relatively difficult to compute. Moreover, a more serious
drawback is that the denominator of TIME can be close to zero, equal to zero, or even change sign. Thus, there is a discontinuity that
is likely to occur, and which will make inference troublesome. MIM addresses both drawbacks of TIME, and offers a simple solution to
make analysis of market efficiency very simple. Our approach also provides a quicker way to find the confidence interval of the
inefficiency magnitude. The main reason for this is because our confidence intervals can easily be computed from the sample under
investigation. This is a major contribution, as comparable measures, for example the one applied in Noda (2016), relies on simu-
lations and bootstrapping. Finally, AMIM helps us to easily compare the inefficiency magnitude between different assets, across
different point in time.

We construct AMIM through 4 steps. The first step is to estimate the auto-correlation coefficients in the return series through
standard regression methods, and then standardize them. The second steps is to derive a raw measure of the market inefficiency
magnitude (MIM). The third step derives the confidence interval under the null hypothesis of efficient markets for MIM. In the final
step, we adjust MIM with its confidence interval to derive our measure AMIM. The measure is a convenient test score of market
inefficiency level; AMIM > 0 means that the market is significantly inefficient while AMIM < 0 means that we cannot reject the null
hypothesis of efficient markets. By design, the inefficiency magnitude will positively correlated with AMIM.

Second, our measure can be tested easily on samples that consist of many different assets over time by computing a unique set of
confidence intervals. This also decrease the computational burden, especially when analyzing big data. In contrast, even though TIME
is a very good measure of the inefficiency magnitude, its design implies that it can only be tested sample by sample.

Third, our measure is uniformly continuous, meaning that there are no discontinuities, in all levels of auto-correlation. This is very
important when conducting inference and interpreting the results. An inherent challenge with the measure applied in Ito et al. (2016,
2014) is that it is a fraction with sums of the autocorrelation coefficients included. Not only can the denominator be zero, but also the
summation can make positive auto-correlation canceling out negative-correlation. In this paper, we address these issues and compute
the absolute values of the auto-correlation coefficients before making any summation.

To test the performance of our measure, we estimate the AMIM for some US stock market indexes. Concerning robustness test and
compatibility with other market efficiency estimators, we apply AMIM to the same dataset studied in Noda (2016). We show that
AMIM can capture similar result in Noda (2016). We also do a simulation to check the power and the size of our test AMIM and make
some computations to show that AMIM is very reasonable in terms of producing estimates that corresponds to financial theory. The
results also show that market efficiency varies considerably over time, and reflects major economic events. This is also very im-
portant, as, according to the AMH, one can expect market efficiency to change over time. From an economic point of view, the
changes should not be completely random, but be linked to economic conditions around the world. Indeed, for the sample under
consideration in this paper, we can disentangle major economic events from the movement in the AMIM. AMIM also provides the
main results of Noda (2016) for the Japanese markets.

2. Model and estimation methods

According to Fama (1970) stock prices should, under the Efficient Market Hypothesis (EMH), reflect all relevant information in
the market. Therefore, if we are in period t, the return in the next period +t 1 should not be predictable. Hence, following the EMH,
an auto-regressive process AR(q) of returns (rt) on its own lags cannot explain the dynamics of returns over time. For example, if EMH
holds, then the AR(q) model
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= + + + + +r r r rt t t q t q t1 1 2 2 (1)

should have coefficients (β1, β2 …, , βq) that are all close to zero, or at least insignificantly different to zero. If the EMH does not hold,
the β coefficients are (significantly) non-zero. Lo (2004) used the first auto-regressive coefficient to characterize the inefficiency level.
If there are more lags with significant coefficients, then there is even more evidence against a strongly efficient market. Our aim is to
construct a measure that takes the auto-correlation coefficients into account. The Adjusted Market Inefficiency Magnitude, AMIMt, is
constructed following four steps:

2.1. Normalizing the auto-correlation coefficients (Step 1)

Let ^ be a column vector which contains the estimated coefficients ( ^ ,1
^
2 …, , ^ )q from Eq. (1). ^ will be asymptotically

distributed as follows:

N^ ( , ). (2)

Here β is the unknown true beta vector, i.e. the vector of auto-correlation coefficients. Σ is the asymptotic co-variance matrix of the
estimated ^ vector, which can be separated into two triangular matrices by Cholesky decomposition as: = LL . The estimated
coefficients have different standard errors and can be correlated. Therefore, we standardize the ^ vector multiplying it by the inverse
of the triangular matrix L. Thus, the standardized beta is given as:

= L^ ^.
standard 1 (3)

Under the null hypothesis that market is efficient ( = 0), then ^standard
should be normally distributed as follows:

N I^ (0, )
standard

(4)

Where I is an identity matrix. Therefore, the normalizing process in Eq. (3) helps us in two ways. First, by multiplying L ^,1 it makes

each component in ^standard
independent. Second, the standardized coefficients are very convenient for testing any measures con-

structed from ^standard
.

2.2. The magnitude of market inefficiency (Step 2)

In this section, we construct the unadjusted, or raw, measure of market inefficiency. To calculate the inefficiency level, we first
construct the Magnitude Market Inefficiency, MIMt, as follows:

=
+

=

=

MIM
| ^ |

1 | ^ |
t

j
q

j t
standard

j
q

j t
standard

1 ,

1 , (5)

As we are interested in violations of the assumption that the auto-regressive coefficients are zero, we use the absolute value to

eliminate the sign effect. MIMt is the Market Inefficiency Magnitude at time t whereas ^
j t
standard
, is the jth auto-correlation coefficient in

Eq. (1) after standardization. Following the above construction, the auto-correlation = | ^ |j
q

j t
standard

1 , is positively related to the Market
Inefficiency Magnitude. The variation of MIMt is smooth from 0 (very efficient market) to almost 1 (inefficient market). So when
comparing two stocks, the one having a higher MIMt will be more affected by the past than the one having lower MIMt.

Noda (2016) has the similar approach of using the auto-regressive coefficients to compute the Market Inefficiency Magnitude,
though different formula for market efficiency, TIMEt, is applied. TIMEt is given as:

= =

=

TIME
^

1 ^t
j
q

j t

j
q

j t

1 ,

1 , (6)

Eq. (6) uses the non-standardized coefficients from Eq. (1). Hence, it will be inconsistent when =
^ [0, 1]j

q
j t1 , . Indeed (Ito et al.,

2014)’s ratio will converge to ∞ when =
^

j
q

j t1 , is around 1. An interesting implication of this is that sometimes markets are oddly

more efficient when the auto-correlation level is high (i.e. ==
^ 2j

q
j t1 , ) than when the auto-correlation level is low (i.e.

==
^ 0.6j

q
j t1 , ). To see this, we get =TIME 0.667,t

2
1 ( 2) indicating a level of market efficiency of 0.667. In a more efficient case,

for example when the sum of auto-correlation coefficients equals 0.6, the TIME measure is = =TIME 1.5t
0.6

1 0.6 which indicates a
less efficient market even though the sum of autocorrelation coefficients having a very different meaning.

Although a simple example, the consequence is that TIMEt cannot be used for inference in this case. Furthermore, a large-scale
analysis using TIMEt will need to be accompanied by an individual check of each case to make sure that the result makes economic
sense. Furthermore, Eq. (6) sums all the raw coefficients. This can also make the measure inconsistent. For example, if we have two
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auto-correlation coefficients, = =0.5, 0.5,1 2 the Noda (2016)’s measure will equal to zero which indicates an efficient market.

Therefore, we take the absolute value of ^
j t
standard
, before sum up all the coefficients. This process will help to avoid the eliminating

effect between positive and negative coefficients.
Moreover, we use the standardized ^ coefficients before compute MIMt. This step will be crucial to compute the confidence

interval in the following step. By standardizing the auto-correlation coefficients, we can derive a unique set of confidence intervals for
MIM under the null hypothesis of efficient markets, thus reducing the computational burden.

Fig. 1 illustrates the difference of the two methods of computing the market efficiency level where the level of auto correlation is

=
^

j
q

j t1 , in Noda (2016) and = | ^ |j
q

j t
standard

1 , in our method.
Second, we use a non-overlapping window method to compute the auto-correlation coefficients of each time interval1. Ito et al.

(2014, 2016) and Noda (2016) used a time-varying auto-regressive model (TV-AR) to compute the auto-correlation coefficients. The
latter model will give a set of coefficients for each observation in time. For example, if we have 1 observation/second then Ito et al.
(2014, 2016)’s model will have 3600 · q coefficients for each hour, where q is a constant number of lags. In brief, the total number of
coefficients is equal to the number of observation times q. Thus, this can be computationally intensive when the number of ob-
servations increases, in particular using high frequency data.

2.3. Building confidence intervals (step 3)

The Market Inefficiency Magnitude is by construction between 0 and 1. However, the raw value of the MIMt can give us a false
impression of the market efficiency. Due to an absolute process to eliminate the sign effect in step 2, the MIMt will be, by construction,
positively correlated with the number of lags in the Eq. (1). Even for markets that are very efficient, it is likely that MIMt can be very
high. This is undesirable.

To correct for this, we compute the confidence interval of MIMt. To get the confidence interval under the null hypothesis of

efficient markets ( =^ 0j t
standard
, ), we can either use convergence of random variables, or simulations. The former approach is quite

tricky with a function as MIM while the latter is more reasonable.

Because all ^
j t
standard
, are standard normal, knowing the number of lags in Eq. (1), we can identify the confidence interval of MIMt

under the null hypothesis through simulation. We first simulate 100 000 observations for each ^
j t
standard
, following a standard normal

Fig. 1. Market Inefficiency Magnitude MIMt with auto-correlation level =
^

j
q

j t1 , (Noda (2016) methods), and = | ^ |j
q

j t
standard

1 , (our methods).

1 In the empirical part, we also apply the rolling window methods and having the same results qualitatively.
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distribution. Based on ^ ,j t
standard
, we compute MIM. For each number of lags we have 100 000 observations of MIM under the null

hypothesis of market efficiency. After that, we find the 95th percentile of MIM. Because MIM is only varying in [0, 1), the interval
between this 95th percentile and 0 is the 95% confidence interval of MIM under the null hypothesis. This confidence interval is thus
unique for each number of lags. This again gives us a table of confidence intervals (CI) which can be used in a different context. See
Table 3 in the appendix for details of the computation of the confidence intervals.

2.4. The adjusted market inefficiency magnitude (step 4)

In this section, we derive the adjusted market inefficiency magnitude, AMIM. From the previous step, we know the 95% con-
fidence interval of MIMt under the null hypothesis of efficient markets. First, we compute the range of the confidence interval,
basically the distance between zero and the 95% quantile of MIM under the null hypothesis of market efficiency. We then adjust the
MIM by first subtracting the range of the CI from the MIM; MIM R ,CI then we divide this distance between MIMt and RCI with the
distance between the theoretical maximum value of MIM, which is one, and RCI. Mathematically, this is given as:

=AMIM MIM R
R1

.t
t CI

CI (7)

Because MIMt < 1, the estimates of AMIMt and RCI are always less than one as well. MIMt is also always greater or equal to zero,
which implies that AMIM can be negative. In fact, whenever AMIM > 0 the market is inefficient, whereas when AMIM < 0 the market
is efficient. Fig. 2 gives an illustration of AMIM formula. Loosely speaking, AMIM only stresses on the inefficient part of MIM, which
passes the null hypothesis CI. The AMIMt is thus more reliable than MIMt because it penalizes the mechanical variation of MIMt due to

high number of lags in ^
j t
standard
, . We divide MIM R( )CI by the difference between one and RCI to give a common ground for

comparison between stocks. Indeed, different stocks will have different MIM values with again different RCI’s at different point in
time. Adjusting for RCI gives us the same comparison criteria for all assets. By this construction when AMIMt < 0, we cannot reject the
null hypothesis that markets are efficient. If AMIMt > 0 we can say, markets are significantly inefficient. Markets are more inefficient
when AMIMt increases.

3. The size and power of AMIM

To investigate the size and power of AMIM, we carry out a Monte Carlo simulation. We simulate an AR(1) model for returns where
ρ is the auto-correlation coefficient. We set the return innovation as normally distributed with mean 0.03 % a day and a daily
standard deviation of 1 %. This is the typical long-run mean and standard deviation for the S&P 500 index. We set ρ to be (0, ± 0.3,

Fig. 2. Illustration of Adjusted Market Inefficiency Magnitude Calculation ( =AMIM MIM RCI
RCI1 ). The curvature line is the upper bound of 95%

confidence interval of MIM under the null hypothesis of efficient markets.
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± 0.5, ± 0.7, ± 0.9) respectively. With ρ = 0, we have the efficient market case. For this case, we expect AMIM to be smaller or
equal 0. For other cases ρ ≠ 0, we expect AMIM to be greater than 0. For each ρ value, we simulate 100 000 batches. Each batch
consists 200 observations. Each batch gives one value of AMIM. We end up with 100 000 AMIM values for each ρ value. Table 1 gives
the estimates of the simulation. Here, N is the number of observations of AMIM, and Q is the quantile of the AMIM distribution.

In the Efficient Market case = 0, hence AMIM is supposed to be smaller than, or equal to zero. 90% of our simulated AMIM is
smaller than 0.052. Subsequently, 95% AMIM is smaller than 0.127. These results show that in the efficient market case, we do not
make a huge mistake with AMIM. Even in case we make a mistake, the error is not big because AMIM is wrongly positive, but it is
small and very close to zero. Therefore, if we wrongly conclude that markets are inefficient instead of efficient, the wrong inefficient
level is also small which makes less harm.

In the inefficient market case, for example = 0.3, AMIM is supposed to be greater than zero. 99% of our simulated AMIM is
greater than 0. The logic goes so on with different ρ values. These results show that when market is not efficient, the AMIM measure
makes very little to no mistake of discovering it. In summary our AMIM measure performs quite well in simulation to detect the size
and power of the test. Of course, our drawback is not considering all the available alternative hypotheses. Such a full analysis is out of
scope of this research and is worth investigating in future research.

4. Data

To have a better comparison with Noda (2016)’s measure, we use the same dataset as they applied. The dataset is price levels for
the Tokyo Stock Price Index (TOPIX) and the Tokyo Stock Exchange Second Section Stock Price Index (TSE2). Stocks in TOPIX and
TSE2 indexes are different. The TOPIX index has a much higher market capitalization and trading volume than TSE2. The data source
is Bloomberg. We compute the log return rt from the daily prices, pt, thus =r p plog( / )t t t 1 .

We also investigate the efficiency level of US stock markets for both small stocks and large stocks. We use S&P 500 index as a
proxy for large stocks. For US small stocks, we first sort stocks belonging to AMEX, NYSE, NASDAQ exchanges from CRSP database
into decile portfolios based on market capitalization, then taking the value weighted return of the first portfolio as an index portfolio
for small stocks. We call this portfolio as CAP1.2

We use these datasets to compute AMIM. The frequency of the data is daily, and cover the period from 1962 through 2017. We
compute the auto-correlation coefficients ( ^) for each index in each year using all daily return. To identify the number of lags of each
time interval, we use Akaike information criterion (AIC)3 We required that each year having at least 200 observations to run the
regression. For each year, the model estimates one Market Inefficiency Magnitude, MIMt, and one Adjusted Market Inefficiency
Magnitude, AMIMt.

We also estimate AMIM using rolling-window data. In detail, we estimate AMIM daily using one year rolling-window data. Then
every day we will have one value of AMIM.

5. Empirical results

Fig. 3 shows the value of MIM over year using non-overlapping window of TOPIX and TSE2. We can spot a clear fluctuation of
MIM over time. However, it is hard to say that TOPIX is more efficient than TSE2 or the other way around. It is also hard to say which
time the markets are more efficient than the other is. As discussed above, at each point in time with each asset we have a different
confidence interval value of MIM. Therefore, we do not have a same base for comparison. Indeed, we can have a high MIM value but

Table 1
Simulation of AMIM. We simulate an AR(1) model for returns where ρ is the auto-correlation coefficient. We set the return innovation as normal
distributed with mean 0.03 % a day and a daily standard deviation of 1 %. For each ρ value, we simulate 100 000 batches. Each batch consists 200
observations. Each batch gives 1 value of AMIM. N is number of observations of AMIM. Q is the quantile of the AMIM distribution.

ρ N Q0.01 Q0.05 Q0.1 Q0.25 Q0.5 Q0.75 Q0.9 Q0.95 Q0.99
0 100 000 −0.22 −0.143 −0.061 0 0 0 0.052 0.127 0.235
0.3 100 000 0.104 0.206 0.251 0.316 0.392 0.467 0.525 0.555 0.603
0.5 100 000 0.296 0.359 0.391 0.445 0.506 0.561 0.604 0.627 0.667
0.7 100 000 0.345 0.402 0.432 0.481 0.534 0.582 0.622 0.644 0.681
0.9 100 000 0.322 0.38 0.41 0.458 0.51 0.558 0.599 0.621 0.66
−0.3 100 000 0.125 0.217 0.26 0.324 0.399 0.474 0.534 0.563 0.609
−0.5 100 000 0.297 0.359 0.391 0.446 0.506 0.562 0.605 0.629 0.671
−0.7 100 000 0.341 0.399 0.429 0.48 0.533 0.582 0.622 0.644 0.683
−0.9 100 000 0.319 0.377 0.407 0.457 0.509 0.558 0.599 0.622 0.661

2 The sorting procedure is done through Wharton Research Data Service called “CRSP Stock File Indexes - Daily Index Built on Market
Capitalization” at: https://wrds-web.wharton.upenn.edu/wrds/ds/crsp/indexes_a/mktindex/cap_d.cfm?navId=124

3 AMIM is very flexible in choosing the number of lags in contrast with a fixed number of lags setting in TV-AR methods. AMIM does not depend
only on AIC or any information criteria. With our construction, it is possible to apply other criteria to select the number of lags in the first step. In our
paper, we only use AIC as a decision criterion, because the focus is more on introducing our measure AMIM, how to use it, and its feature to reflect
major economic events.
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being not significant and vice versa a low MIM value but showing a significant inefficiency level.
AMIM solve this issue by adjusting MIM with the confidence interval. Now it is enough to compare with the same base line of zero;

remember that AMIM > 0 implies a significant inefficiency level, and AMIMt < 0 implies an efficient market. Fig. 4 shows the
evolution of AMIM for TOPIX, TSE2, S&P 500, and CAP1. For the Japan market, we can also confirm the major empirical findings of
Noda (2016) with our measure. These are: i) first, market efficiency changes over time with both TOPIX and TSE2; ii) TOPIX has a
lower and less volatile inefficiency level (mean (μ) =0.08, standard deviation (σ) = 0.15) than TSE2 (μ = 0.47, σ = 0.20); iii) both
TOPIX and TSE2 inefficiency level significantly decreases after 2010. Hence, both markets becomes more efficient after 2010. Table 2
gives the summary statistics of AMIM of the indexes.

For the US market, we find a similar difference in AMIM between S&P 500 and CAP1. The small stock index has a higher mean
( =µ 0.38), a higher standard deviation ( = 0.22) than the ones of S&P 500 ( = =µ 0.09, 0.17). So for both US and Japan markets,
large stocks indexes (TOPIX, S&P 500) are more likely efficient. Both TOPIX and S&P 500 have a low median near zero. This means
that 50% of time, these indexes are efficient.

In addition, our measure also offers an additional feature. AMIM reflects very well important economic events, for example, it
increases in periods of economic turbulence or crisis, then decreases after such periods. For Japan market, we can see this pattern
with both TOPIX and TSE2 through the Oil-Crisis (1973–74), the bursting of Japanese asset bubble (1991–92), the Asian financial
crisis (1997–99), and the financial crisis (2008). AMIM also decreases in 2013, which reflects the period of quantitative easing.

For US market, we catch the similar pattern. AMIM of both S&P 500 and CAP1 raises in the Oil-Crisis (1973–74) then decreases.
AMIM raises again in the 1987 crisis and in the 2001 dot-com bubble burst. In these two crises (1987, 2001), AMIM of small stocks
(CAP1) raises more than AMIM of large stock (S&P 500). These two crises could hit small stocks harder than large stocks. However in
the financial crisis 2008, AMIM of large stocks (S&P 500) experienced a sharp increase and being almost as high as AMIM of CAP1.
This can be due to the fact that a lot of large stocks (especially financial industry stocks) was smashed very hard during that crisis.

For a robustness check, we also estimate AMIM using rolling window. In detail, we estimate AMIM daily using a one year rolling
window of data. So we will have one AMIM value per day. The results of the overlapping window estimates corroborates our earlier
results. The summary statistics of AMIM using rolling window is in Table 4 in the appendix. For a clearer illustration of the trend of
AMIM, we calculate a 100-day Moving Average (MA) of AMIM and plot it below in Fig. 5. As the figures illustrates, the S&P 500-index
indicates an efficient market most of the time from 1980 through 2018, but with some periods of inefficiency. For example, during
the oil-crisis in the early 70-ies, and during the more recent financial crisis of 2008-09, the market is inefficient. Smaller stocks are,
not surprisingly, less efficient than large stocks, only being significantly efficient over small periods of time.

The fact that AMIM increases in times of crisis, and then decreases afterwards, confirms the results of Lo (2004, 2017) on the
hypothesis of adaptive markets; financial markets are not always efficient, nor always inefficient but changing overtime. These results
also indicate that our measure is a valid measure of the level of market efficiency.

One caveat of our study is that we do not establish the causal effect between different factors (i.e. inflation, interest rates,
unemployment rates, etc.) to market efficiency. Another caveat is that we do not have a full horse race between all efficiency
measures in all markets. We recognize them as interesting subjects for further research. We herein focus more on developing AMIM,
explaining how to use it, and showing its important features. Hence, we consider AMIM as a good alternative measure of efficiency
that is easy to use, light in computation, alongside with other measures such as the variance ratio, TIME, etc.

6. Conclusion

This study derives a measure for the level of market efficiency, named Adjusted Market Inefficiency Magnitude AMIM. The
measure is easy to be applied and computed via four steps. AMIM improves two challenges of the measures derived in Noda (2016).
First, AMIM demands less computational effort and can easily be interpreted. Second, AMIM also provides a better foundation for

Fig. 3. MIM of TOPIX and TSE2 indexes. MIM is estimated with non-overlapping window. The solid line is MIM value while the dotted line is the
95% confidence interval under the null hypothesis of market efficiency.
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Fig. 4. Adjusted Market Inefficiency Magnitude AMIM, using non-overlapping window, of TOPIX, TSE2, S&P 500, and CAP1. CAP1 is the portfolio
containing 10% of small stocks on NYSE, AMEX, and NASDAQ exchanges. The data range is from 1962 to 2017.
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comparison the inefficiency level between different assets in different time. Applying our measure to the same dataset as in
Noda (2016), we can confirm the major findings of Noda (2016)’s work. In addition, our measure also reflects very well major
economic events in the US and Japanese economies. These empirical results shows that market efficiency is not constant over time,
assets, or regions, which corroborates the Adaptive Market Hypothesis of Lo (2004, 2017).

Fig. 5. Moving average (MA) 100-day of AMIM of TOPIX and TSE2, S&P 500, and CAP1. AMIM is estimated daily using a 1 year rolling window
data. CAP1 is the portfolio containing 10% of small stocks on NYSE, AMEX, and NASDAQ exchanges. The data range is from 1962 to 2017.
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Appendix A. Confidence Interval of MIM under the null hypothesis of Market Efficiency.

Appendix B. Summary statistics of AMIM using rolling window
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A B S T R A C T

We show that the level of market-efficiency in the five largest cryptocurrencies is highly time-
varying. Specifically, before 2017, cryptocurrency-markets are mostly inefficient. This corrobo-
rates recent results on the matter. However, the cryptocurrency-markets become more efficient
over time in the period 2017–2019. This contradicts other, more recent, results on the matter.
One reason is that we apply a longer sample than previous studies. Another important reason is
that we apply a robust measure of efficiency, being directly able to determine if the efficiency is
significant or not. On average, Litecoin is the most efficient cryptocurrency, and Ripple being the
least efficient cryptocurrency.

1. Introduction

In this paper we analyze the market efficiency of the five largest cryptocurrencies.1 We find that the markets for these five
currencies are currently mostly efficient, but has been significantly inefficient in the past. The market for cryptocurrencies has
received much attention the last three years, both from regulators, the public, and traders. The trading volume in the largest such
currencies has grown exponentially, and with this increase in liquidity, the prices increased as well. We analyze how this increased
interest and trading volume affects the efficiency of the cryptocurrency markets. We find that the efficiency increases significantly
during 2017 and remains efficient midway through 2018. Our results also shows that these markets are sensitive to various events.
For example, in June 2016 the DAO hack leads to a separation of Ethereum into Ethereum and Ethereum Classic, which caused
increased uncertainty in the market. The level of efficiency dropped significantly following this event. The markets also stayed highly
inefficient for several months, before stabilizing at weakly inefficient in late 2016 and early 2017.

Market efficiency has received much attention since Fama (1970) and the follow-up paper by Fama (1991). In the papers, the
Efficient Market Hypothesis (EMH) is introduced and and the author sorts the efficiency of the market into three segments: strong
efficiency, semi-strong efficiency, and weak efficiency. Furthermore, the author argues that financial markets are, to a large extent,
strongly efficient. This implies that all available information is reflected in the price of the security. The challenge was for a long time to
quantify market efficiency. Lo and MacKinlay (1989) proposed a method to test if markets are efficient or not. Furthermore, Lo (2004)
proposed an alternative to the static view of market efficiency, proposing that the efficiency evolves over time. This is denoted the
Adaptive Market Hypothesis, (AMH). The papers by Urquhart and Hudson (2013), Ito et al. (2014), Noda (2016), Ito et al. (2016), and
Urquhart and McGroarty (2016) investigates the market efficiency with methods derived with the AMH in mind. Furthermore,
Chu et al. (2019) investigates the AMH for the two largest cryptocurrencies, and find evidence that supports the hypothesis of a time-
varying market efficiency. However, some specific measures of market efficiency has potential challenges. For example, the efficiency
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estimator can be given as a fraction, where the denominator can be zero, or fluctuate between positive, zero, and negative. This can lead
to discontinuities in the estimates, yielding unreliable estimates, and implies crucial challenges for applications in testing market
efficiency. We apply a novel measure of the level of market efficiency, derived in Tran and Leirvik (2019). This measure allows for any
values for both nominator and denominator. The estimator is continuous for all input parameter values.

The cryptocurrency market, and in particular the market for Bitcoin, is found to be largely inefficient, see, for example,
Urquhart (2016); Vidal-Tomás and Ibañez (2018); Jiang et al. (2018); Wei (2018); Hu et al. (2019); Caporale et al. (2018); Zargar and
Kumar (2019); Al-Yahyaee et al. (2018), and Nan and Kaizoji (2019). However, the cryptocurrency market can be efficient in certain
periods as well, see, for example, Kristoufek (2018); Kristoufek and Vosvrda (2019), or a power transformation of Bitcoin return can be
weakly efficient Nadarajah and Chu (2017). Other studies such as (Omane-Adjepong and Alagidede, 2019; Omane-Adjepong et al.,
2019; Sifat et al., 2019; Antonakakis et al., 2019; Katsiampa et al., 2019) also show that cryptocurrencies are strongly interlinked
reflecting by volatility spill-over, volatility co-movement, lead-lag effect, market co-movement. The systematic risks involved in such
markets are also thoroughly investigated in Corbet et al. (2019). One reason for risks and inefficiencies can be that the markets has been
difficult to trade in, and hence liquidity has been relatively low compared to other markets. The ease of trading one cryptocurrency can
be significantly different from the ease of trading another such currency, thus the liquidity in various such currencies varies sub-
stantially, see Phillip et al. (2018). Liquidity and market efficiency is closely related, and different markets show different levels of
liquidity, see for example Amihud (2002); Chordia et al. (2008); Leirvik et al. (2017); Wei (2018); Brauneis and Mestel (2018), and
de la Horra et al. (2019). In this paper we show that the level of market efficiency is varying over both time and individual currencies. In
particular, we show that the Bitcoin market is largely inefficient until early 2017. In contrast with other cited studies, we find that
Bitcoin becomes significantly efficient after 2017. The other currencies under investigation shows similar time-varying patterns.

2. Data

The markets for cryptocurrencies is relatively new, and our sample covers the period April 29th, 2013 through February 28th,
2019. Bitcoin, Litecoin and Ripple enter the sample from the very beginning (2013). Some of the currencies has been developed after
April 29th, 2013 (Ethereum from 2015; EOS from 2017), but has shown to rely on a solid technology compared to other currencies,
and has quickly become some of the largest currencies by market capitalization. We apply freely available data from
Coinmarketcap.com, and import all available data via a statistical package named “crypto” in the software R. The data is at daily
frequency which contains open, high, low, close prices, volume, and market capitalization.2Table 1 shows the descriptive statistics for
the simple returns of the five currencies we analyze. We use simple returns because log-returns might give unreliable estimates for
assets with extremely high volatility. In fact, for our sample the minimum daily log-return is −130.2%.3 This is clearly not eco-
nomically sound. To eliminate the chance of using uneconomic reasonable estimates for returns, we exclusively use simple returns as
inputs to our calculations.

Not surprisingly, there is a significant variation between the various cryptocurrencies. The differences seems to be very hetero-
geneous. Fig. 1 shows time series plots of the normalized prices (Panel a) and trading volume in Billions USD of the five currencies
(Panel b) during the last 3 years. As is evident from those illustrations, the price and volume increases tremendously at the end of 2017,
with significant variation over time. This exceptional rise in prices and the corresponding high volatility has attracted much attention in
media. We will analyze whether the prices can be considered efficient, and whether the level of efficiency varies over time.

3. Methodology

To estimate the level of efficiency, we apply a recently derived method to quantify the level of market efficiency, see Tran and
Leirvik (2019). In this paper, the authors derive a measure for the level of Adjusted Market Inefficiency Magnitude (AMIM). In short,
to compute the AMIM, we start with representing the returns of a currency as

= + + + + +r r r r· · · .i t i t i t q i t q i t, 0 1 , 1 2 , 2 , , (1)

If markets are efficient then the coefficients (β1, β2, ..., βq) should be zero, or at least insignificantly different to zero. If not, the β
coefficients are (significantly) non-zero. Lo (2004) used the first auto-regressive coefficient to characterize the inefficiency level. One
can argue that the Efficient Market Hypothesis (EMH) is based on a random walk or martingale dynamics of the price or the log-price.
This has a direct implication in which the future price differences and log-price differences (log-returns) cannot be predicted. In this
study, we mainly use the simple return, not log-returns. That can potentially be problematic. However, it turns out that if price
follows a RW process then the future simple return cannot be predicted either.4 Hence a regression of simple return on its lag should

2 By the end of Feb.2019, the market capitalization of the top 5 crypto-currencies in billions USD are: BTC (67.70), ETH (14.37), XRP (13.03), EOS
(3.21), LTC (2.81). Just after the top 5 are Bitcoin Cash (2.33 Billions USD) and Tether (2.04 Billions USD).
3 Reader can find the summary statistics using log return in the appendix.
4 Consider a RW process: = ++ +y yt t t1 1. Where +t 1 is a shock at time +t 1 in the future which cannot be predicted, hence

= =+ +E E[ ] [ ] 0,t t t1 1 and +t 1 is independent with yt. The simple return at time t+1 is : =+
+rt

t
yt1

1 . We will show that = =+ +E r E r[ ] [ ] 0,t t t1 1 which
means both the conditional and unconditional expectation of simple returns cannot be predicted. First, it is clear that = =+

+E r[ ] 0t t
Et t

yt1
[ 1] . Second

= = ++ + + +E r E E r E E E y cov E y[ ] [ ( )] [ ( )]. [1/ ] ( [ ], 1/ )t t t t t t t t t1 1 1 1 . With = =+ +E E[ ] [ ] 0,t t t1 1 in addition +t 1 is independent with yt hence we can
believe that =+cov E y( [ ], 1/ ) 0t t t1 . Therefore =+E r[ ] 0t 1 .
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yield a non-significant coefficient if the market is efficient.
We estimate Eq. (1) and use the Akaike information criterion (AIC) to choose the number of lags. We denote ^ is the vector of

these autocorrelation coefficients and = LL is the asymptotic co-variance matrix of the estimated vector. The sum of the absolute
value of the autocorrelation coefficients, after being standardized ( = L^ ^standard 1 ), are divided by the sum of absolute values of
parameter estimates plus one. This measures the Market Inefficiency Magnitude (MIM), and is related to the measure applied in
Noda (2016) and Ito et al. (2016). Specifically, the MIM is given by:

=
+

=

=

MIM
| ^ |

1 | ^ |
t

j
q

j t
standard

j
q

j t
standard

1 ,

1 , (2)

As Eq. (2) sums up the standardized auto-regression coefficients of Eq. (1), it should be statistically equal to zero in a strongly efficient
market. To reduce the impact of insignificant parameter estimates, we subtract the range of the confidence interval under the null
hypothesis of efficient market from theMIM and divide by one minus the range of the confidence interval under the null hypothesis of
efficient market. We call this the AMIM. The measure is thus robust against insignificant autocorrelation. In short, we estimate the
AMIM for any financial asset price by the estimator

=AMIM MIM R
R1t

t CI

CI (3)

The RCI is the range of the confidence interval for the MIM under the null hypothesis of efficient market. For further explanations and
derivations, the reader is encouraged to read the article by Tran and Leirvik (2019).

Because the MIM is constrained between zero and one, the RCI < 1. Thus, Eqs. (2) and (3) makes sure that both MIM and AMIM
are continuous functions. Accounting for Eq. (3), the AMIMt cannot be larger than one. It can, however, be zero, or negative. A
positive value, i.e. AMIMt> 0, indicates an inefficient market. If AMIMt is less than zero, i.e. AMIMt≤ 0, then the market is efficient.
Hence, the measure is simple to compute, and very easy to interpret. In addition, it is also very easy to use AMIM to compare the level
of efficiency for different assets in different points in time. Another quality of AMIM that we want to exploit is that it reflects very well
economic events influencing the assets.

4. Empirical results

Table 2 shows some descriptive statistics of the estimation of Eq. (3). In our study we have applied daily observations of cryp-
tocurrency prices. We largely follow Tran and Leirvik (2019) by estimating the AMIM daily using over-lapping window data of 1 year.
Tran and Leirvik (2019) shows that the non-overlapping and overlapping window approaches give the same AMIM results.

Table 2 shows that on average the prices for BitCoin, EOS, Ethereum, Litecoin, and Ripple are all inefficient ( >AMIM 0). This is
statistically significant, as seen by the small size of the standard error. The median, however, is zero for BTC, ETH, and LTC. This
indicates that the efficiency of these currencies experiences substantial periods of efficiency.

Fig. 2 shows a time series plot of the AMIM for all cryptocurrencies. For a clearer illustration of the trend of AMIM, we
calculate a 30-day Moving Average (MA) of AMIM. As one can see from this graph, the level of market efficiency varies sub-
stantially over time. In particular, in the early stage of the sample period, the prices of all currencies we analyze are relatively
inefficient. Ripple has a bump in efficiency in early 2015, which corresponds to the timing of some large banks announcing that
they would apply this currency in new real-time international transactions. Moreover, the creator of XRP was fined by US
authorities in late 2015 for violations of the Bank Secrecy Act. The price inefficiency saw an immediate spike in the last quarter
of that year.

The Bitcoin (BTC) efficiency level also varies substantially, and follows various market events. For example in the end of
2013 and beginning of 2014, the AMIM for BTC increases significantly. This is due to a lot of uncertainty in markets when
accusations of illegal activities (drug trading, money laundering, etc.) was related to BTC. For example, on early October 2013
the Federal Bureau of Investigation (FBI) arrest Ross Ulbricht and shuts down Silk Road, a black market trading illicit goods
using BTC.

Table 1
Summary Statistics of daily simple returns for the 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP), Litecoin (LTC), EOS (EOS). The
sample is from 29 April 2013 to 28th February 2019. n is the number of observations, mean is the sample average of the returns, sd is the sample
standard deviation of the returns, min and max are the minimum and maximum daily returns, respectively. skew is the skewness of returns, kurtosis
measures the thickness of the tails of the return distributions, and se is the standard error of the means.

Crypto n mean sd median min max skew kurtosis se

BTC 2132 0.25% 4.36% 0.18% −23.37% 42.97% 0.50 9.94 0.00
EOS 607 0.70% 11.28% −0.20% −31.96% 168.32% 5.99 80.83 0.00
ETH 1301 0.58% 7.29% −0.09% −72.80% 51.03% 0.27 13.13 0.00
LTC 2132 0.35% 7.34% 0.00% −40.19% 129.10% 4.77 65.90 0.00
XRP 2034 0.51% 8.75% −0.29% −46.00% 179.37% 6.12 99.47 0.00
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At the end of Q1 2014, Mt. Gox, one of the largest BTC exchanges, files for bankruptcy protection in Japan. Mt. Gox reports that
744,000 Bitcoin (about 350 millions USD) is stolen.5 In addition, around the same time, there were also a lot of uncertainty about
whether China would ban Bitcoin or not.6 These events led AMIM of BTC spiked again in Q2 2014. In June 2016, the hack on the DAO
project of Ethereum casted doubt on crypto-currencies. AMIM of Bitcoin did not raise significantly in this period. However, as
expected, the AMIM of Ethereum shows a significant increase following this event. The AMIM is very high but does not last long
because Ethereum community responded very quickly to eliminate doubt and uncertainty. Indeed, to save Ethereum from the hack,

Fig. 1. Trading Volume in Billions USD and Normalized Price of the top 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP), Litecoin
(LTC), EOS (EOS). We normalize the price for each crypto-currency by dividing the actual price to the first observed price in our data sample.

5 Details: See BBC (2014) MtGox Bitcoin exchange files for bankruptcy http://www.bbc.com/news/technology-25233230
6 Details: See Coin-Desk (2014) Price of Bitcoin Falls Under 500 USD Amid Uncertainty in China https://www.coindesk.com/price-bitcoin-

remains-500-amid-china-uncertainty/
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the Ethereum community decided to “hard-fork”, which are upgrades to the programming code that add new rules to the Ethereum
software that are incompatible with earlier versions. Basically, the Ethereum community rewrote the ledger, which is the common
transaction book, to eliminate all the hacked transactions.7

All in all, many of the spikes and drops in market inefficiency, as shown in Fig. 2, can be related to idiosyncratic events. This is
particularly true for the time early in the sample period of each cryptocurrency. In the later stages of our sample period, all currencies
show a significant improvement in efficiency, as shown by a negative estimate of the AMIM. This means that the currencies are
significantly efficient. However, it seems that the prices are turning less efficient in the last half of Q1-2018, and the first half of Q2-

Table 2
Summary Statistics of AMIM for 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP), Litecoin (LTC), EOS (EOS). The AMIM is
computed daily with one year overlapping data using simple return. The sample is from 29 April 2013 to 28th February 2019. n is the number of
observations, AMIM is the sample average of AMIM, sd is the sample standard deviation of AMIM, min and max are the minimum and maximum
AMIM, respectively. skew is the skewness of AMIM, kurtosismeasures the thickness of the tails of the AMIM distributions, and se is the standard error
of the mean.

Crypto n AMIM sd median min max skew kurtosis se

BTC 1933 0.083 0.132 0.000 −0.349 0.370 0.532 −0.609 0.003
EOS 408 0.086 0.089 0.110 −0.200 0.195 −0.839 −0.201 0.004
ETH 1102 0.061 0.095 0.000 −0.305 0.281 0.700 −0.202 0.003
LTC 1933 0.011 0.117 0.000 −0.324 0.434 0.090 0.458 0.003
XRP 1835 0.251 0.151 0.268 −0.250 0.535 −0.705 0.298 0.004

Fig. 2. The time series plot of Moving-Average 30 days (MA30) of AMIM for 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP),
Litecoin (LTC), EOS (EOS). The AMIM is computed daily with 1 year overlapping data using simple return.

7 This process violates the core motivation of using blockchain technology which prevents any modification of past information. This process
requires a lot of computing power and is a collective work. Therefore debates were going at that time. This leads to a separation of Ethereum into
Ethereum and Ethereum Classic. The Ethereum Classic does not accept the hard fork, thus accept all the hacked transactions, and being a separate
community from Ethereum. See Leising (2017) for more details.
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2018 but return to the efficient level at the end of 2018. These results corroborates the main idea of the Adaptive Market Hypothesis
of Lo (2004), where market efficiency is changing over time, and reacting to events in the market.

We also redo the above exercises with AMIM using log-return. The results are given in the appendix (see Tables 3, 4 and Fig. 3).
The estimated AMIM using log-returns is qualitatively the same as the AMIM results using simple returns. However, we should be
aware that the log-return series will be mechanically smoother than the simple return series in the positive return region. For
example, a simple return of 5% will have a log-returns of about log(1.05) = 4.88%, and a simple return of 10% will be about log
(1.1) = 9.53% in log return. For negative simple returns, the corresponding log-return will be larger in absolute terms. For large
negative deviations, log-returns might in fact be less than -100%. For example, a price moving from 50 to 10, yielding a simple return

Table 3
Summary Statistics of daily log returns for the 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP), Litecoin (LTC), EOS (EOS). The
sample is from 29 April 2013 to 28th February 2019. n is the number of observations, mean is the sample average of the returns, sd is the sample
standard deviation of the returns, min and max are the minimum and maximum daily returns, respectively. skew is the skewness of returns, kurtosis
measures the thickness of the tails of the return distributions, and se is the standard error of the mean.

Crypto n mean sd median min max skew kurtosis se

BTC 2132 0.16% 4.35% 0.18% −26.62% 35.75% −0.19 7.88 0.00
EOS 607 0.21% 9.54% −0.20% −38.50% 98.70% 2.18 20.11 0.00
ETH 1301 0.30% 7.70% −0.09% −130.21% 41.23% −3.38 65.28 0.00
LTC 2132 0.11% 6.68% 0.00% −51.39% 82.90% 1.74 25.18 0.00
XRP 2034 0.20% 7.66% −0.29% −61.63% 102.74% 2.01 27.55 0.00

Table 4
Summary Statistics of AMIM for 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP), Litecoin (LTC), EOS (EOS). The AMIM is
computed daily with one year overlapping data using log return. The sample is from 29 April 2013 to 28th February 2019. n is the number of
observations, AMIM is the sample average of AMIM, sd is the sample standard deviation of AMIM, min and max are the minimum and maximum
AMIM, respectively. skew is the skewness of AMIM, kurtosismeasures the thickness of the tails of the AMIM distributions, and se is the standard error
of the mean.

Crypto n AMIM sd median min max skew kurtosis se

BTC 1933 0.081 0.128 0.000 −0.364 0.376 0.515 −0.412 0.003
EOS 408 0.039 0.071 0.048 −0.167 0.174 −0.479 −0.382 0.004
ETH 1102 0.043 0.071 0.000 −0.311 0.253 0.712 0.695 0.002
LTC 1933 0.039 0.108 0.000 −0.364 0.415 0.123 0.851 0.002
XRP 1835 0.234 0.152 0.253 −0.367 0.545 −0.517 0.737 0.004

Fig. 3. The time series plot of Moving-Average 30 days (MA30) of AMIM for 5 crypto-currencies: Bitcoin (BTC), Ethereum (ETH), Ripple (XRP),
Litecoin (LTC), EOS (EOS). The AMIM is computed daily with 1 year overlapping data using log return.
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of -80%, will give a log-return of about −160%, which is not economically sound. Therefore, we need to be more cautious on the
interpretation of any result from log-returns with highly volatile financial assets.

5. Conclusion

In this paper we investigate the inefficiency of the prices of five different cryptocurrencies. Using a rolling window, we find that
the prices has been significantly inefficient during our sample. However, there are signs that the efficiency of all cryptocurrencies are
improving, with all having significant drop in AMIM in the last 6 quarters. These results are consistent with recent research on the
topic. The markets for cryptocurrencies are improving at an exceptional pace, with volume improving and becoming less volatile.
This invites more research in the near future, both on the topic of efficiency of these markets, but also other aspects, such as for
example price-return volatility, liquidity, and the relationship to other assets.
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The goal of this thesis is to study the expected return of an asset and the predictability of 
this return in both the short-term and the long-term. The thesis consists of four papers.

In the first two papers, the thesis investigates the predictability of stock returns and 
crypto-currency returns with daily frequency. The author develops a new measure of 
market efficiency (AMIM) which is easy to implement. AMIM helps us to compare the 
level of efficiency of different assets at different points in time. Using this new measure, 
the author shows that market efficiency is dynamic, changing over time,  and being 
usually worse in the crisis periods.

In the last two papers, the author investigates the predictability of the expected stock 
returns in a long-term framework. In the first of these two papers, the thesis studies how 
stable liquidity is priced in the stock market. The results show that on average, investors 
discount the price of illiquid, and liquidity volatile stocks over stable liquidity stocks.

In the last paper, the author studies the impact on stock returns when there are collective 
biases from the investors regarding future stock pay-offs. The investors use stock 
characteristics to form their own biased view regarding future stock pay-offs. Therefore 
they create stock’s mispricing. The data shows that this mispricing will be corrected in 
the future.
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