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Abstract Understanding students’ thinking and learning processes is one of the
greatest challenges teachers face in the classroom. Misconceptions and errors have
the potential to be a rich source of information for identifying students’ thinking
and reasoning processes. However, empirical studies show that pre-service teachers
(PSTs) and teachers find it challenging to focus their interpretations and pedagogical
decisions on students’ thinking processes when they identify students’ mathematical
errors.

Based on the theoretical approach of noticing, the study described in this paper
examines primary PSTs’ diagnostic competence in error situations before and after
they participated in a seminar sequence implemented at several Chilean universities.
Our analyses focus on PSTs’ competence with regard to formulating hypotheses
about the causes of students’ errors. The proposed hypotheses were categorized
into those that attributed errors to students’ lack of conceptual understanding, those
that explained errors in terms of lack of procedural understanding, and those that
assumed a failure of instructional strategies. In addition, the relationships between
PSTs’ diagnostic competence, their beliefs and university learning opportunities
were examined. The results indicate that PSTs’ diagnostic competence in error sit-
uations and the changes of this competence were related to PSTs’ beliefs, practical
experiences, and learning opportunities. Overall, the findings suggest that it is pos-
sible to promote changes on PSTs’ diagnostic competence during initial teacher
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education. The paper concludes with implications for teacher education and future
research.

Keywords Teacher competencies - Diagnostic competence - Error analysis -
Mathematics teachers’ competencies - Error interpretation

Interpretation von Fehlern der Schiilerinnen und Schiiler als Teil der
diagnostischen Kompetenz von Lehramtsstudierenden fiir die
Grundschule

Zusammenfassung Das Verstehen der Denk- und Lernprozesse von Lernenden
ist eine der groften Herausforderungen, denen sich Lehrerinnen und Lehrer im
Unterricht stellen miissen. Fehlvorstellungen und Fehler stellen eine reichhaltige In-
formationsquelle fiir die Identifikation der Denk- und Argumentationsprozesse der
Lernenden dar. Empirische Studien zeigen jedoch, dass es fiir (angehende) Leh-
rerinnen und Lehrer herausfordernd ist, ihre Interpretationen und piddagogischen
Entscheidungen auf die Denkprozesse der Lernenden auszurichten, wenn sie die
mathematischen Fehler der Lernenden erkennen.

Basierend auf dem Ansatz der professionellen Unterrichtswahrnehmung unter-
sucht die hier beschriebene Studie die diagnostische Kompetenz von angehenden
Grundschullehrkriften vor und nach der Teilnahme an einer an mehreren chile-
nischen Universititen durchgefiihrten Seminarsequenz. Unsere Analysen konzen-
trieren sich auf die Kompetenz der angehenden Lehrkrifte, Hypothesen iiber die
Ursachen der Fehler der Lernenden zu formulieren. Die vorgeschlagenen Hypo-
thesen wurden kategorisiert in solche, die die Fehler auf mangelndes begriffliches
Verstindnis der Lernenden zuriickfiihrten, in solche, die die Fehler mit mangelndem
prozeduralem Verstdndnis erkldrten und solchen, die ein Versagen im unterricht-
lichen Vorgehen annahmen. Dariiber hinaus wurde die Zusammenhiénge der diag-
nostischen Kompetenz mit den beliefs und den universitiren Lernmoglichkeiten der
Lehramtsstudierenden untersucht. Die Ergebnisse deuten darauf hin, dass die dia-
gnostische Kompetenz von angehenden Grundschullehrkriften in Fehlersituationen
und die Verdnderungen dieser Kompetenz mit ihren beliefs, praktischen Erfahrungen
und universitiren Lernmoglichkeiten zusammenhéngen.

Insgesamt weisen die Ergebnisse darauf hin, dass es moglich ist, die diagnosti-
sche Kompetenz von angehenden Grundschullehrkréften wéahrend der universitiren
Lehrerausbildung zu fordern. Der Beitrag schlieSt mit Schlussfolgerungen fiir die
Lehrerausbildung und die Durchfithrung zukiinftiger Forschung.

Schliisselworter Diagnosekompetenz - Fehleranalyse - Kompetenzen von
Mathematiklehrkriften - Fehlerinterpretation
1 Introduction

Teachers’ diagnostic competence is acknowledged to be essential for understand-
ing and evaluating students’ thinking. In addition, it is of great importance in the
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teaching-learning process because it is key for adapting pedagogical responses to stu-
dents’ learning needs (Helmke 2017). In their daily practice, teachers can find many
sources of information about their students’ thinking. Learning situations in which
errors arise can be very informative (Ashlock 2010; Prediger and Wittmann 2009;
Rach et al. 2013; Radatz 1979). By looking closely at students’ errors during their
learning process, teachers can uncover incorrect conceptualizations and gain valu-
able insights into individual students’ understanding of mathematical concepts and
procedures. Based on this insight, teachers can target their instructional responses
and adapt their teaching strategies to support students in overcoming misconceptions
and building further mathematical knowledge.

Although classroom contexts can provide a wealth of information about students’
mathematical thinking, this information can only be used in pedagogy if teachers are
able to identify it. Which incidents teachers pay attention to and how they interpret
it can impact their ability to provide adequate support to students and promote
learning (Kaiser et al. 2015; Sherin et al. 2011). The competence needed to carry
out the process of perceiving, interpreting and making pedagogical decisions can
be developed with time and experience. However, several studies have highlighted
the need to create opportunities for competence development early in initial teacher
education programs (Artelt and Grisel 2009; Bartel and Roth 2017; Brandt et al.
2017). Pre-service teachers (PSTs) need support to learn to look at relevant details,
ask specific questions, and understand students’ explanations (Gotze et al. 2019).

Creating such complex opportunities is a challenge for teacher educators as it
raises a number of questions related to the characteristics those opportunities should
have and where they should be placed within teacher education programs. To answer
those questions, it is necessary to extend our understanding of how diagnostic com-
petence develops and the complex interactions between the dimensions of diagnostic
competence and PSTs’ knowledge, beliefs, and practical experience.

The present study aims to characterize PSTs’ diagnostic competence and the
development thereof. Due to its high relevance to the diagnosing process, we focus
on one dimension of diagnostic competence, namely, the competence to formulate
hypotheses about the causes of students’ errors (Heinrichs and Kaiser 2018). In
Sect. 2, we summarize the theoretical background on PSTs’ diagnostic competence
in error situations. Sects. 3 and 4 present the research questions and methods used,
while Sect. 5 reports the results of the analyses. These are discussed in Sect. 6,
providing a further outlook.

2 Theoretical Background

2.1 Teachers’ Diagnostic Competence in Error Situations

Teachers’ diagnostic competence is widely recognized as an important prerequisite
for successful teaching, especially in heterogeneous classrooms (Helmke 2017). The
individualization and differentiation of teaching strategies to meet students’ needs

in learning mathematics demands teachers who can effectively respond to a range of
diagnostic challenges (Hoth et al. 2016). Several central tasks of teaching, such as
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collecting information about individual students’ abilities, recognizing and under-
standing various learning processes, and assessing and interpreting students’ learning
outcomes, involve diagnostic challenges for teachers (Bartel and Roth 2017). Despite
challenging, these tasks are key for designing effective teaching strategies (Artelt
and Grisel 2009).

Heinrichs and Kaiser (2018) defined diagnostic competence in error situations as
“the competence that is necessary to come to implicit judgments based on formative
assessment in teaching situations by using informal or semiformal methods” (p. 81).
They emphasized that the objective of diagnosis is to adapt teaching strategies
and promote students’ mathematical understanding. Identifying, interpreting and
handling errors in complex classroom situations is a major challenge for teachers
(Prediger and Wittmann 2009).

Empirical studies have taken different approaches to investigate the role of teach-
ers’ diagnostic competence in mathematics education. One approach is to concep-
tualize diagnostic competence as accuracy of judgment, which is determined by
comparing teachers’ predictions of student achievement with actual performance on
some objective measure (Helmke and Schrader 1987). This approach has found large
differences in teachers’ ability to accurately judge student achievement (Stidkamp
et al. 2012) as well as various influences on these judgements (Kaiser et al. 2017).
Other approaches focus on the diagnostic tasks that teachers perform in their daily
activities to understand students’ learning processes and make pedagogical deci-
sions in the moment (Herppich et al. 2018; Praetorius et al. 2012). In the present
study, we focus on PSTs’ competence to gather information during instruction about
students’ mathematical understanding, learning difficulties, and possible misconcep-
tions; to conduct ongoing analyses under complex circumstances; and to make in-
the-moment pedagogical decisions that promote learning. This type of competence
has been called situation-based diagnostic competence (Hoth et al. 2016). In partic-
ular, we focus on the diagnostic competence needed in learning situations in which
students make errors.

In the context of mathematics, the errors students make when learning can be
a valuable source for understanding their thinking, especially any flaws in students’
mathematical reasoning and understanding of concepts (Radatz 1980). Analysis of
errors can provide information about where students’ knowledge and skills need
further support and allow teachers to adapt their instructional strategies and arrange
appropriate pedagogical resources (Brodie 2014; Brown and Burton 1978; McGuire
2013; Radatz 1979; Santagata 2005).

2.2 Hypothesizing About the Causes of Students’ Errors

Several models have been developed to describe the diagnosis process in teaching
situations. The present study adopts Heinrichs’ (2015) model of the diagnostic pro-
cess in error situations, which organizes the process into three phases: identification
of the error, formulation of hypotheses about causes for the error, and decision-
making aimed at supporting the student to overcome their error (Heinrichs and
Kaiser 2018). Many approaches have emphasized the relevance of the interpretation
phase of the diagnostic process because of the fundamental role of interpretation
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of students’ thinking in pedagogical decision-making. Moreover, most models of
diagnostic processes in error situations include a phase in which hypotheses are
made about students’ behavior, sources of the errors they make, or their possible
underlying difficulties (Klug et al. 2013; Reisman 1982; Wildgans-Lang et al. 2020).
This requires from teachers what Heinrichs (2015) called competence to hypothe-
size about causes of students’ errors, conceptualized as “the ability to find different
hypotheses about causes for one specific error and especially being able to name
causes for the specific error and not only the general reasons for an error to occur”
(Heinrichs and Kaiser 2018, p. 85).

Teachers’ hypotheses about students’ mathematical procedures, their reasoning,
and causes of their errors form the basis for diagnoses with a focus on students’
learning processes (Scherer and Moser Opitz 2012). Ball et al. (2008) emphasized
that only identifying wrong answers “does not equip a teacher with the detailed
mathematical understanding required for a skillful treatment of the problems [...]
students face” (p. 397). Gotze et al. (2019) argued that intervention strategies need
to be based on a diagnosis to be targeted to the student’s needs, and that diagnosis
involves not only detecting an error or an error pattern but also identifying potential
causes.

Results from empirical studies focusing on teachers’ competence to identify,
analyze, and respond to student errors confirm that this is a challenging process
for teachers. In Cooper’s (2009) study with PSTs, although all participants were
able to identify computational error patterns in students’ work, finding possible
rationales for misconceptions was more difficult. Similarly, Seifried and Wuttke
(2010) found that teachers faced difficulties in recognizing reasons for student errors
during lessons. In a subsequent study, they found that PSTs (in contrast to in-service
teachers) showed a low ability to identify and correct student errors (Tiirling et al.
2012; Wuttke and Seifried 2013).

Son (2013) analyzed the connection between PSTs’ understanding of an error, in-
terpretation of that error, and suggested pedagogical responses. She found that even
for errors with a strong conceptual origin, most prospective teachers would explain
it with procedural causes and suggest a remediation strategy based on telling the
student the right procedure. Son ascribed this disconnection to the PSTs’ insuffi-
ciently developed mathematical and professional knowledge. Overall, studies have
indicated that teachers face challenges when interpreting students’ errors, finding
the underlying causes of these errors, and making coherent pedagogical decisions.
Moreover, research suggests that teachers’ and PSTs’ competences in this area are
related to their characteristics, such as their professional knowledge.

2.3 Types of Causes of Students’ Errors

Teachers can assign an error to different categories and thus may make several
hypotheses about its causes (Scherer and Moser Opitz 2012). Numerous categoriza-
tions have been developed to differentiate between types of errors. For example,
a distinction can be made between random or careless errors and systematic errors
resulting from an underlying incorrect idea, usually called a misconception (Cox
1975; Radatz 1980; Smith et al. 1993; Weimer 1925). Of particular interest to this
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study are systematic errors, which exhibit a particular pattern and can be used as
evidence of an underlying misconception of mathematical concepts or procedures
(Ashlock 2010).

When formulating hypotheses about the causes of student errors, teachers can
identify a wide variety of sources. On the one hand, it is possible to attribute the
error to causes external to the student, such as deficiencies in teaching strategies,
lack of clarity in task formulation, or contextual reasons. On the other hand, it is
possible to find causes internal to the student. These, in turn, can be general or
specific. General causes are those that refer to general learning or psychological
difficulties faced by the student, lack of overall subject knowledge, or motivational
aspects. Specific causes relate to the student’s mathematical thinking regarding the
error under analysis (Heinrichs and Kaiser 2018).

Previous studies distinguished between procedural and conceptual knowledge
when discussing their role in the development of mathematical competence (Lenz
et al. 2020; Rittle-Johnson and Alibali 1999; Son 2013). Conceptual knowledge is
defined as the “explicit or implicit understanding of the principles that govern a do-
main and the interrelations between pieces of knowledge in a domain” (Rittle-John-
son and Alibali 1999, p. 175). It refers to abstract concepts, relations, and principles
that are independent of specific problems. Procedural knowledge is defined as the
“action sequences for solving problems” (Rittle-Johnson and Alibali 1999, p. 175).
Although the relationship between the two types of knowledge is controversial, Rit-
tle-Johnson and Koedinger (2009) point out that they do not develop independently
or sequentially. Rather, they influence each other. The distinction between concep-
tual and procedural understanding helps to identify and understand student errors.
In this way, it also helps to provide instructional responses that effectively address
students’ errors and promote understanding (Son 2013). Therefore, this distinction
was used as the main framework in the present study to analyze PSTs’ hypotheses
about the causes of students’ errors.

2.4 Development of Diagnostic Competence

Given the crucial role of diagnostic competence in effective teaching, the develop-
ment of this competence needs to be fostered in initial teacher education (Artelt and
Grisel 2009; Brandt et al. 2017). Research on teacher expertise reveals differences
in the knowledge structure of novices compared to experts (Berliner 2001). Experts
are able to process more complex information, recognize relevant information faster,
and represent this information more deeply and completely. They are also more flex-
ible and able to adapt to different situations. However, to date, it has been unclear
how teachers develop this expertise, and whether classroom experience is sufficient
to promote development.

The structures of competence models provide certain insights into how teachers
develop this competence. Blomeke et al.’s (2015) model of competence as a contin-
uum considers cognitive and affective aspects to be dispositional elements, including
professional knowledge, beliefs and motivation, among other features. Professional
knowledge is an important part of most existing models of teachers’ diagnostic com-
petence (e.g., the COSIMA model: Heitzmann et al. 2019; NeDiKo model: Herppich
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et al. 2018; DiaKom model: Loibl et al. 2020). Although the role and interaction
of different components of professional knowledge in the diagnostic process remain
unclear, various studies have revealed the influence of professional knowledge on
diagnosis of students’ understanding of mathematics (Bartel and Roth 2017; Oster-
mann et al. 2018; Kron et al. 2021). However, these studies have also indicated that
knowledge alone is not sufficient. PSTs need opportunities to engage in evaluations
of students’ thinking and develop their content and pedagogical content knowledge.
In the context of affective dispositions, teachers’ beliefs are crucial for teachers’
perceptions of situations and the decisions they make about how to act (Felbrich
et al. 2012). Moreover, beliefs have been associated with teachers’ choice of teach-
ing methods and with student achievement (Bromme 2005; Leder et al. 2002). Thus,
in the present study, we explore the relationship of PSTs’ diagnostic competence
to (1) their beliefs about the nature of mathematics and mathematics teaching and
learning and (2) several variables showing PSTs’ professional knowledge.

In order to develop PSTs’ diagnostic competence, it seems promising to provide
PSTs with opportunities to analyze and discuss real classroom situations and stu-
dents’ understanding without the overwhelming complexity of real situations and
the pressure to make in-the-moment decisions (Barth and Henninger 2012; Heitz-
mann et al. 2019). Jacobs and Philipp (2004) emphasize that the value of analyzing
students’ work in teacher education lies in the discussions it can elicit. Videos have
been used to develop PSTs’ competences (i.e., McDuffie et al. 2014; Santagata and
Guarino 2011; van Es et al. 2017; for an overview, see Santagata et al. 2021). In
university courses, videos can be used to facilitate discussions about students’ think-
ing and relevant issues about teaching and learning mathematics. Since everyone in
the course is observing the same situation and videos can be paused or shortened,
they are helpful to focus PSTs’ attention on significant aspects (Star and Strickland
2008; Santagata and Guarino 2011). They provide an opportunity to focus atten-
tion on mathematics and students’ thinking (van Es et al. 2017) and to shift PSTs’
analyses of pedagogical situations to an interpretative stance (Sherin and van Es
2005).

3 Aims and Research Questions

The purpose of this study was to describe PSTs’ competence to formulate hypotheses
about the causes of students’ errors. Our goal was to test predictors of this aspect
of diagnostic competence and its development. Based on Blomeke et al.’s (2015)
model, we expect that knowledge and beliefs will be positively correlated with PSTs’
competence to formulate hypotheses. We are also interested in exploring the role of
practical experience in the characteristics and development of PSTs’ competence.
We posed the following research questions:

1. What are the characteristics of PSTs’ competence to hypothesize about the causes
of students’ errors? To which types of causes do they attribute students’ errors?

2. Are beliefs, knowledge, and teaching experience related to PSTs’ competence to
hypothesize about the causes of students’ errors?
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3. Are beliefs, knowledge, and teaching experience related to increases in PSTs’
competence to hypothesize about the causes of students’ errors after participat-
ing in a seminar sequence within initial teacher education?

4 Methods

Our study investigated the characteristics of PSTs’ competence to hypothesize about
the causes of students’ errors and the development of this competence after partici-
pating in a university seminar sequence. The seminar sequence aimed at developing
PSTs’ competence to identify, interpret, and respond to students’ errors.

The participating PSTs were 131 undergraduates (127 female, 4 male, M=
22.2 years old, SD=3.69, from 18 to 42) from 11 Chilean universities. They were in
their first to tenth semester (M= 5.6 semesters, SD=2.53) of their initial teacher ed-
ucation for primary schools. In Chile, teacher education for primary school teachers
lasts between eight and ten semesters and focuses on school grades one to four or
one to six. PSTs are educated as generalists, though mathematics is a core subject.
In addition, some universities offer the option to take a set of supplementary courses
(equivalent in duration to two semesters) focusing on content and pedagogical issues
related to lower secondary grades. This path allows PSTs to teach in grades five
to eight. Of the 41 participants of the study who chose this path for mathematics
education, 26 had already taken some courses. Usually, the courses include school-
based activities from the beginning of the program. During the first semesters, PSTs
adopt an observant and passive role. As they progress through the program, they
adopt a more active role that includes several hours of teaching.

4.1 The University Seminar Sequence

The university seminar sequence consisted of four 90-minute sessions. During these
sessions, PSTs engaged in individual and collective discussions about students’
mathematical thinking and learning in classroom situations in which students’ er-
rors arise. Heinrichs and Kaiser’s (2018) model of the diagnostic process in error
situations was used to structure the seminar sequence. It was introduced to PSTs as
a three-step process to be used to support their analyses of students’ errors. In addi-
tion, an overarching goal of the seminar sequence was to make participants aware
of the relevance and potential of errors for mathematics teaching and learning.

The seminar sequence aimed at developing PSTs’ diagnostic competence in error
situations. It did not intend to cover the wide variety of errors that could arise in
primary classrooms or to study any particular error in depth. To limit the breadth
of knowledge required to analyze errors, all errors used during the sessions and in
the assessment instruments were related to numeracy and operations. As suggested
by Jacobs and Philipp (2004), to bring PSTs closer to real classroom situations, the
errors were presented using short video vignettes of primary school classrooms and
samples of students’ written work. The videos showed students working on tasks and
making errors. Some of them also included brief interactions with the teacher. These
materials were used as prompts for discussions about students’ thinking. Discussions
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were supported by the teacher educator and a series of questions and stimuli that
directed PSTs’ focus to students’ learning processes and understanding of mathe-
matics. In addition, excerpts from literature related to the errors were provided to
support and enrich analyses. The sessions, activities, and errors used as subjects for
discussion are described in detail by Larrain and Kaiser (2019).

The activities for the seminar sequence were planned in detail and conducted by
the same university lecturer in all settings. The plan included a step-by-step descrip-
tion of all activities and questions to guide the discussions. This ensured consistency
between the participating groups. At three universities, the seminar sequence was
embedded in PSTs’ regular academic activities. Their participation in surveys was
voluntary. At the fourth university, the seminar sequence was offered as an extracur-
ricular activity, in which PSTs from eight different universities participated. Due
to the great difficulty in finding settings that allowed us to implement the seminar
sequence as part of academic activities and the need to gain a large number of
participants to conduct the quantitative analyses planned for the study, it was not
possible to create a control group to compare outcomes. Moreover, the universities
that agreed to participate were specifically interested in including error analysis in
their curriculum, so other topics would not have been accepted for a control seminar
sequence.

4.2 Instruments

Data were collected before and after the seminar sequence. At the first measure-
ment point, primary PSTs completed an online survey that included a survey about
demographic data and information about their learning opportunities, two beliefs
questionnaires, and two error analysis tasks. Additionally, participants answered the
mathematical knowledge for teaching (MKT) assessment in paper-and-pencil for-
mat. The instrument at the second measurement point included two error analysis
tasks and a short survey about participation during the sessions.

4.2.1 Demographics and Learning Opportunities Survey

The demographics and learning opportunities survey collected general data about the
PSTs, such as their gender, age, and university entrance exam score. Information
was also collected on the opportunities they had to develop professional knowl-
edge and gain practical teaching experience. Specifically, the survey asked about
their progress within the program (as measured by the number of semesters they
had completed), completed coursework on mathematics or mathematics education,
school practicum, experience teaching as generalists in primary classrooms, expe-
rience teaching mathematics in primary classrooms, and experience with private
tutoring. As these are the usual questions, we did not include the instrument in the
online appendix.
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4.2.2 Beliefs Questionnaires

To collect data about PSTs’ beliefs, we used the beliefs items from the international
Teacher Education and Development Study in Mathematics (TEDS-M) question-
naires (Tatto et al. 2008), as Chile had participated in the TEDS-M. Participants
were asked to express their level of agreement with a series of statements on a six-
point Likert scale. These statements concerned two constructs: beliefs about the na-
ture of mathematics and beliefs about the teaching and learning of mathematics. The
Chilean translations of the items were used (available in Avalos and Matus 2010)
and given to participants in an online format. As these are standardized instruments
not developed by us, they are not included in the online appendix.

The questionnaire of beliefs about the nature of mathematics gathered information
about how mathematics was perceived as a subject. It consisted of two scales. Items
in the first scale reflected a view of mathematics as a strongly structured subject in
which practice, memory, and precise application of procedures are fundamental for
correctly solving tasks. The items on the second scale reflected a view of mathe-
matics as an inquiry process, in which rules and concepts can be flexibly applied to
discover connections and solve mathematical problems with practical relevance.

The questionnaire on beliefs about learning mathematics focused on views about
teaching strategies, students’ thinking processes, and the purposes of learning the
subject. It also had two scales. One scale reflected the view that learning mathe-
matics is a strongly teacher-directed process in which students learn by following
instructions and memorizing formulas and procedures. The second scale reflected
a student-centered view of learning mathematics in which mathematics learning oc-
curs when students are involved in inquiries and develop their own strategies to
solve mathematical problems. In this view, importance is given to the understanding
of concepts and why procedures are correct.

The internal consistency of the scales was confirmed in the present study (Cohen
et al. 2007). For beliefs about the nature of mathematics, the scale of mathematics
as a set of rules and procedures showed acceptable reliability (0.78) and the scale of
mathematics as a process of inquiry displayed very high reliability (0.91). For beliefs
about mathematics learning, the teacher-centered scale showed high reliability (0.84)
and the active learning scale presented very high reliability (0.91).

4.2.3 MKT Questionnaire

To measure PSTs’ professional knowledge, we used a version of the MKT test
developed within the Learning Mathematics for Teaching Project (Hill et al. 2008)
that was adapted and validated for use with pre-service Chilean teachers within the
Refip project (Martinez et al. 2014). The selected test booklet focuses on evaluation
of specialized content knowledge (i.e., the knowledge about mathematics required
by teachers), specifically numbers and operations for primary school students. This
version was chosen because all the examples of errors used during the sessions
and in the error analysis tasks at the pre- and post-test were from this domain of
mathematics. The instrument consisted of 15 multiple-choice items and 9 complex
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multiple-choice questions with 3 or 4 items each. In total, the test included 45 items
that the participants had to answer in 60 min.

Participants’ answers were analyzed using IRT methods. The estimated Rasch
model suggested a good fit. All items showed a weighted MNSQ (Infit) within the
0.8-1.2 range suggested by Linacre (2002), with a mean of 0.997 (S§D=0.067).
The EAP/PV value of 0.825 is above 0.7 (Neumann et al. 2011), confirming suf-
ficient reliability. Item difficulty ranged from —2.057 to 2.066, with a mean of 0.1
(SD=1.04). Taking the estimated difficulties as a base, individual persons’ abil-
ity parameters were estimated, showing a mean of —0.09 (SD=0.861). For ease
of further interpreting the data, ability parameters were converted into T-scores by
standardizing them to a mean of 0 and a standard deviation of 1, and then scaling
them to a mean of 50 and a standard deviation of 10 as this was used in studies of
the TEDS-M research program.

4.2.4 Diagnostic Competence in Error Situations

To evaluate PSTs’ diagnostic competence in error situations, four error analysis
tasks were developed. Each task was based on a mathematical error made by a pri-
mary school student and consisted of several items that followed the model of the
diagnostic process in error situations (Heinrichs 2015). Participants were asked to
respond to two tasks at each testing time. In order to randomly assign the tasks and
ensure that no one received the same task twice, four versions of the instrument
were created with different combinations of two tasks. In the pre-test, versions were
randomly assigned to participants. In the post-test, each participant was assigned
the version that contained the two tasks they had not yet completed. This approach
incorporates methodological limitations, as the tasks may differ in difficulty and
implies a limitation of the study.

The four error situations selected for the tasks concerned numbers and operations
taught in primary school (original tasks and questions available in the annexes). Each
task began with contextual information that included the grade level, the content
of the lesson, and what had been done previously in the class in which the error
occurred. The error situation was then presented in a short video vignette. The video
showed the student making the error and explaining the procedure they used. Videos
could be viewed several times until the respondent moved to the next page of the
test.

To analyze their competence to hypothesize about the causes of students’ errors,
PSTs were asked to suggest three possible causes for the student’s error. Participants
provided their hypotheses in an open-response item format (Fig. 1). These are the
focus of the present article. There was no time pressure to answer the items. How-
ever, to reduce the overall time needed to answer the questionnaires and limit the
complexity of the item, the number of hypotheses was restricted to three.

4.3 Data Analysis

Data analysis was performed in several phases and used different methods. Re-
sponses to the open-ended items were coded using qualitative text analysis. Closed
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It can be stated that Isabel has added in the following way:

98
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Please suggest, from a mathematics didactics perspective, three possible causes for this
error.

Cause 1

Cause 2

Cause 3

Fig. 1 Open-ended item measuring PSTs’ competence to hypothesize about the causes of students’ errors

items and the relationships between features of PSTs’ diagnostic competence in error
situations and background variables were analyzed using quantitative methods.

4.3.1 Competence to Hypothesize About the Causes of Students’ Errors

Open-ended items were used to measure PSTs’ competence to hypothesize about
the causes of students’ errors. The responses to these items were short pieces of text
in which PSTs suggested three possible causes for the error presented in the video.
Qualitative text analysis was chosen to analyze these complex data. This method
provides a systematic framework to interpret and reduce the complexity of answers,
so their most relevant characteristics can be considered when developing an answer
to the research question (Kuckartz 2019).

Thematic categories were used to code the hypotheses suggested by PSTs. The
categories were constructed in a multi-stage process based on the thematic qual-
itative text analysis process suggested by Kuckartz (2014). First, responses were
coded using major categories derived from the research interests and then explored
to identify new categories that emerged from the data. Each of the three hypothe-
ses was considered a single unit to be coded. Where respondents referred to their
other responses, these were kept together and coded sequentially to allow for full
interpretation.

Three categories of hypotheses were defined in the first coding stage. One cate-
gory was created for hypotheses attributing the error to a failure of teaching strategies
or inadequate instructional decisions. Two categories were created for hypotheses
attributing the error to aspects of students’ mathematical thinking: one in which hy-
potheses suggested a lack of conceptual understanding of the concepts or processes
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Table 1 Categories of hypotheses about the causes of students’ errors

Category Description Examples
Lack of con- The error is attributed to a lack of concep- “He didn’t understand place value.”
ceptual under- tual understanding of mathematical issues “She does not understand that the
standing related to the error situation. The error may ones and the tens of the same number
indicate, for instance, that the student does are related and belong together.”
not conceptually understand the algorithm “He does not understand the decimal
and the related idea of regrouping, or that number system.”
the student fails to understand place value
Lack of pro- The error is attributed to a lack of pro- “Does not know how to carry over.”
cedural un- cedural understanding of mathematical “Doesn’t know that in the units col-
derstanding issues. For instance, it may be attributed to umn there must continue being only
difficulties handling an algorithm units, thus she makes the sum and puts
a number of 2 digits in that space.”
Instructional The error is the consequence of inappro- “She has not been taught what hun-
wrong deci- priate pedagogical decisions or the use of dreds, tens, and units are, that is,
sions inadequate or insufficient strategies. The place value.”
teacher or curriculum is to blame for the
error
Ambiguous A reasonable explanation of a cause is “She doesn’t know addition with
given, but because it is too general or not regrouping.” It is not clear whether
sufficiently described, it is not possible to what the student does not know is the
classify it within the previous categories procedure (algorithm) or the meaning
of regrouping, or whether she has not
been taught addition with regrouping
Not valid The response does not give a valid cause “Didn’t pay attention to the teacher’s

for the error: the statement is incorrect,
incomplete, or contradictory; it provides

a description of the error instead of a cause
for it; it suggests a very general cause
unrelated to the learning of mathematics

explanation.”
“It is the easiest way to add up.”

involved in the task, and one in which errors were attributed to a lack of understand-
ing of mathematical procedures. Initial examination of the responses confirmed that
the data reflected these three categories. However, it was clear that another two cate-
gories were necessary. First, we created a category for responses that did not provide
a possible cause for the error, contained incorrect statements, or attributed the error
to general causes, such as students’ inattentiveness. Second, we created a category
for responses that, although plausible and correct, were ambiguous and could not
be coded into any of the first three categories. The descriptions and examples of
the categories shown in Table 1 were used to analyze the answers to the four error
analysis tasks.

A coding manual was developed before starting the data evaluation phase. This
manual included precise definitions of each category, anchor examples extracted
from the data illustrating the responses that belonged to each category, and coding
rules that referred to border cases. To test the coding manual, 20% of the responses
were coded by two coders. Critical points were identified, and more precise delin-
eations of categories, and further examples were included in a second version of the
manual. In the next stages, parts of the data were independently evaluated by two
coders and then compared using a consensual coding approach. In the third cod-
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ing cycle, an independent coding approach was adopted, and data were evaluated
separately by both coders. Intercoder agreement was controlled after the complete
dataset was evaluated. Cohen’s Kappa values for each category in the four error
tasks were found to be over 0.7 and were interpreted as adequate (Mayring 2000).

For each error, task respondents were asked to suggest three different hypotheses
about causes. Thus, a maximum of six causes from each participant were available
for coding. It was possible for a single respondent to make suggestions from different
perspectives. This yielded various combinations of categories for each PST. Some
PSTs showed a tendency to attribute the error to a lack of conceptual understanding,
a lack of procedural understanding, or inappropriate instructional decisions, whereas
others did not show any particular tendency and provided varied hypotheses. Thus,
we considered the number of valid hypotheses about causes (i.e., causes with any of
the first four codes in Table 1) when performing further correlation analyses. In other
words, we related PSTs’ background variables to the number of valid hypotheses
they were able to make.

4.3.2 Associations Between PSTs’ Competence to Hypothesize About the Causes of
Errors and Background Characteristics

Pearson correlations and independent-samples t-tests were used to examine the as-
sociations between PSTs’ competence to hypothesize about the causes of students’
errors and individual characteristics. The number of valid hypotheses before partici-
pation in the seminar sequence was treated as a quasi-continuous dependent variable.
Pearson correlation coefficients were calculated for continuous independent vari-
ables, such as beliefs, mathematical knowledge for teaching, study progress, com-
pleted coursework on mathematics or mathematics education, and school practicum.
For dichotomous independent variables, independent-samples t-tests were used to
evaluate differences in the means of the hypothesized causes for the two groups
defined by the variable. These groups were defined by their experience teaching,
for example, a group with experience teaching in primary classrooms and a group
without such experience.

To further examine the associations between the independent variables and PSTs’
competence, a multiple regression analysis was conducted. Due to the large num-
ber of available predictor variables, we were interested in developing a simple,
exploratory model that could be used to predict PSTs’ competence to hypothesize
about the causes of errors. To do so, after analysis of each independent variable and
the dependent variable, the most relevant predictors were identified. Several poten-
tial models, including these predictors, were calculated and then compared using the
global goodness-of-fit criterion, the Akaike information criterion (AIC). A final and
most parsimonious model that represented the data was selected using these criteria
(Fahrmeir et al. 2013).
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4.3.3 Development of PSTs’ Competence to Hypothesize About the Causes of
Errors and Background Characteristics

We expected PSTs to be able to make more valid hypotheses about the causes of
students’ errors in the post-test than in the pre-test, after their participation in the
seminar sequence. To evaluate whether these changes could be associated with the
independent variables, further analyses were conducted. Multiple regression analyses
were run for the independent continuous variables. In each of these analyses, the pre-
test value and one independent variable were included as predictors. Several analyses
of covariance (ANCOVAs) were conducted to examine the associations between
changes in competence and categorical independent variables. As an extension of
the one-way analysis of variance, the ANCOVA incorporates a covariate variable
to adjust the means of each group on the dependent variable because the covariate
influences the dependent variable and needs to be statistically controlled for (Hatcher
2013; O’Connell et al. 2017).

Finally, multiple regression analyses were conducted to further study the vari-
ables that may predict greater changes in PSTs’ competence to hypothesize about
the causes of students’ errors. Various models, including different predictors, were
examined following a similar procedure to the one described at the end of Sect. 4.3.2.

5 Results

5.1 Characteristics of PSTs’ Competence to Hypothesize About the Causes of
Students’ Errors

In the following section, we attempt to answer research question 1. Before charac-
terizing PSTs’ tendencies to attribute students’ errors to instructional decisions, lack
of conceptual understanding, or lack of procedural understanding, it was necessary
to verify that the types of proposed causes did not depend on a particular error task.
In our complex testing design, PSTs answered different error tasks at the two mea-
surement time points, and not all PSTs answered the same error tasks at a given time
point. Cross-tabulation of the four error tasks with the five categories of hypotheses
and its corresponding test of independence yielded a statistically significant associa-
tion between the error tasks and the types of hypotheses suggested by PSTs, x* (12,

Table 2 Frequencies of types of hypotheses about the causes of errors at the pre- and post-tests

Pre-test Post-test

Hypothesis category Frequency % Frequency %
Lack of conceptual understanding 109 27.7 125 31.8
Lack of procedural understanding 50 12.7 87 22.1
Wrong instructional decisions 36 9.2 24 6.1
Ambiguous 31 7.9 32 8.1
Not valid 167 42.5 125 31.8
Total 393 100.0 393 100.0
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N=1572)=48.073, p<0.01. Subsequent analyses permitted allocation of the error
tasks that caused the dependency and supported the decision to select two error tasks
for further analyses. Both selected tasks were related to subtraction with whole num-
bers and were not combined in any version of the test, so respondents were given
one at the pre-test and the other at the post-test. Cross-tabulation and the test of
independence between these tasks and the types of hypotheses indicated that there
was no statistically significant association between them, y? (4, N=786)=9.648,
p>0.01. Therefore, we considered only these two error tasks when characterizing
the types of hypotheses that PSTs proposed about the causes of students’ errors.

Table 2 displays the frequencies of the categories of hypotheses at both measure-
ment times. Before the university seminar sequence, a large proportion (42.5%) of
the responses were not valid hypotheses. On average, participants were able to for-
mulate 1.7 hypotheses about the causes of students’ errors (out of the three that were
requested). Most valid causes (27.7%) attributed the error to a lack of conceptual
understanding.

Changes from the pre-test to post-test indicate that the proportion of invalid hy-
potheses decreased considerably (10.7%). Hypotheses attributing errors to inappro-
priate instructional decisions also decreased (3.1%) after participation in the seminar
sequence. Hypotheses ascribing the errors to a lack of conceptual understanding or
a lack of procedural understanding increased (4.1 and 9.4%, respectively). This
suggests that, at the post-test, PSTs could better focus on students’ thinking when
interpreting errors.

To explore how many hypotheses PSTs were able to suggest, responses to all
four error tasks were considered because the total number of hypotheses was not
dependent on the error analyzed. The mean number of hypotheses produced at the
pre-test was 3.24 (SD=1.67), whereas the mean at the post-test was 3.92 (SD=1.48).
This is an average increase of 0.69 hypotheses from before to after participation
in the seminar sequence. Further analysis indicates that 52.7% of the participants
generated more hypotheses about the causes of students’ errors at the post-test than at
the pre-test. Of those who produced the same number of hypotheses at both testing
times, more than two-thirds were able to produce four or more hypotheses each
time. Altogether, PSTs’ competence to hypothesize about the causes of students’
errors improved significantly from before to after their participation in the seminar
sequence: ¢(130)=-4.647, p<0.001, d=0.436.

5.2 Associations with PSTs’ Beliefs, Knowledge, and Teaching Experience

To answer research question 2, which aims to better understand PSTs’ competence
to hypothesize about the causes of students’ errors, the association of this compe-
tence with several background variables was explored. Various features of PSTs’
beliefs, knowledge, and teaching experience were included. Several bivariate analy-
ses were carried out, taking the number of valid hypotheses produced at the pre-test
as the dependent variable. The conducted correlation analyses showed that all the
explored independent variables were significantly positively related to competence
to make hypotheses about the causes of errors. The number of one-semester school
practicums showed the smallest correlation, but was significant and in the expected
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Table 3 Description statistics of the number of valid hypotheses by teaching experience group

Experience variable n M SD SE
Teaching experience—generalist
Without experience 38 2.32 1.66 0.27
With experience 93 3.61 1.53 0.16
Teaching experience—mathematics
Without experience 49 2.65 1.74 0.25
With experience 82 3.59 1.54 0.17
Private lesson experience
Without experience 66 291 1.61 0.10
With experience 65 3.57 1.69 0.21

direction (r=0.293, p<0.001). Moderate correlations were found for PSTs’ beliefs
about the nature of mathematics as a process of inquiry (r=0.367, p<0.001), their
mathematical knowledge for teaching (r=0.328, p<0.001), their completed course-
work on mathematics or mathematics education (r=0.326, p<0.001), their uni-
versity entrance test score (r=0.326, p<0.001), and their study progress (r=0.346,
p<0.001). The strongest correlation was found with PSTs’ beliefs about the learning
of mathematics as an active and student-centered process (r=0.436, p<0.001).

To explore the association between competence and PSTs’ practical teaching ex-
periences, the means of the provided hypotheses were calculated for groups with and
without practical experience (see Table 3). Independent-samples t-tests revealed that
PSTs with experience teaching as generalists in primary schools provided signifi-
cantly more hypotheses about the causes of students’ errors than PSTs without expe-
rience, 1(129)=-4.289, p<0.001. Cohen’s d revealed a large effect size, d=0.808.
Similarly, significant differences were found between PSTs with and without expe-
rience in teaching, specifically mathematics in primary classrooms, ¢(129)=-3.195,
p=0.002. There was a medium effect size, Cohen’s d=0.572. For the groups with
and without experience giving private lessons to primary students, a statistically sig-
nificant difference with a medium size effect was found, #(129)=-2.295, p=0.023,
Cohen’s d=0.400. This indicates that PSTs with experience were able to provide
more hypotheses than those without it.

5.2.1 Predictors of PSTs’ Competence to Hypothesize About the Causes of Students’
Errors

A multiple regression analysis was conducted to better understand the relation-
ship between PSTs’ competence to hypothesize about the causes of students’ errors
and background characteristics. As all the independent variables showed significant
associations in the bivariate initial analyses, they were entered into the model si-
multaneously as predictor variables. After controlling for multi-collinearity, eight
independent variables were entered into the model as predictors (see Model 1 in Ta-
ble 4). The model significantly predicted competence to hypothesize about the causes
of students’ errors, F'(8, 122)=5.623, p<0.001, adj. R?=0.269. In this model, most
predictors contributed only slightly to the regression, and only beliefs about math-
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Table 5 Regression coefficients of the selected model

Independent variables B SEB B p

Constant 1.499 0.333 - 0.000
Beliefs—Nature of mathematics 0.392 0.278 0.136 0.162
Beliefs—Learning of mathematics 0.754 0.266 0.280 0.005
Teaching experience—Generalist 0.817 0.301 0.223 0.007

B unstandardized regression coefficients, SE B standard error of B, f§ standardized regression coefficients

ematics learning as a student-centered process significantly added to the prediction,
£=0.24, p=0.027.

To find a more parsimonious model, we followed the approach suggested by
Fahrmeir et al. (2013). We examined 15 regression models, summarized in Table 4.
All the models included the variable of beliefs about mathematics learning, as it
significantly contributed to the regression. The AIC was used as a criterion to se-
lect model number 12, which significantly predicted the competence under study,
F(3, 127)=14.173, p<0.001 and explained 25.1% of the variance.

The estimated coefficients of the selected model, displayed in Table 5, indicate
that the selected model contained only two significant regression coefficients that
differ from zero at the 5% level: student-centered beliefs about mathematics learning
($=0.28, p=0.005) and generalist teaching experience (5= 0.22, p=0.007). Beliefs
about the nature of mathematics as an active process had a non-significant regression
coefficient of small effect size, and it explained some of the variance in competence.
Thus, if both belief-related variables remained unchanged, PSTs with more experi-
ence teaching primary school students were able to provide more hypotheses about
the causes of students’ errors. Similarly, if their beliefs about the nature of math-
ematics and their experience teaching as generalists are controlled for, PSTs who
held stronger constructivist beliefs about learning mathematics performed better on
the test.

5.3 Development of PSTs’ Competence to Hypothesize About the Causes of
Students’ Errors

Several multiple regression analyses were conducted to answer research question 3
and further investigate the changes in competence described in Sect. 5.1 and their as-
sociation with PSTs’ characteristics. Each analysis considered the number of hypoth-
esized causes at the post-test as the dependent variable and included two predictors:
the number of hypotheses at the pre-test and the value of the trait under investiga-
tion. As expected, the number of hypothesized causes at the pre-test was a significant
predictor in all models. In the model that included PSTs’ beliefs about the nature
of mathematics as an inquiry process as a second predictor, this was a significant
predictor (5=0.200, p=0.019). Together, beliefs and the pre-test value, explained
20.6% of the variance. That is, when controlling for pre-test competence, PSTs who
held stronger beliefs about mathematics as an inquiry process showed greater im-
provements in their competence to hypothesize about the causes of students’ errors.
Contrary to our expectations, student-centered beliefs about mathematics learning
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did not significantly contribute to prediction in the corresponding model (5=0.114,
p=0.199).

General academic abilities, as measured by university entrance test score, was
a significant predictor (8=0.226, p=0.007). Along with pre-test competence, it ex-
plained 21.7% of the variance. In contrast, MKT was not a statistically significant
predictor in the model in which it was included (8=0.067, p=0.432). Variables re-
lated to PSTs’ opportunities to learn significantly contributed to the models in which
they were included as a second predictor along with the pre-test number of hypothe-
ses. PSTs’ study progress significantly added to the model (5=0.351, p<0.001). In
other words, participants who had completed more semesters of their studies showed
a greater increase in the number of hypotheses they could produce when the number
of pre-test hypotheses was held constant. Similarly, PSTs’ finished coursework on
mathematics or mathematics education significantly contributed to predicting the
number of hypotheses produced at the post-test (5=0.270, p=0.001). Together with
pre-test competence, finished coursework explained 23.7% of the variance. The same
was true in the model that included one-semester school practicums as a predictor
($=0.273, p=0.001).

To determine the influence of teaching experience on the changes on PSTs’ com-
petence to hypothesize about the causes of students’ errors, differences between
groups with and without experience in teaching in primary schools were explored.
ANCOVAs were conducted to control for competence at the pre-test. After adjust-
ing for the pre-test measure, statistically significant differences were found between
the groups with and without experience teaching as generalists in primary schools,
F(1,128)=11.105, p=0.001, partial 7?=0.08. PSTs who had taught in primary
school classrooms provided, on average, a higher number of valid hypotheses than
inexperienced PSTs, after adjusting for the pre-test value. A similar difference was
found between the groups with and without experience teaching mathematics in pri-
mary classrooms, F'(1,128)=12.810, p<0.001, partial > = 0.091. Experience giving
private lessons to primary school students produced a smaller statistically signifi-
cant difference at the 5% level, F(1,128)=5.161, p=0.025, partial 5°=0.039. This
suggests that PSTs with more practical experience achieved greater changes in their
competence to hypothesize about the causes of students’ errors than PSTs without
teaching or private tutoring experience.

Several regression analyses were performed to investigate the influence of all
independent variables on changes on PSTs’ competence. The number of hypotheses
at the post-test was taken as the criterion variable. In the first model, the pre-test
number of hypotheses and all the independent variables with statistically significant
results in the previous analyses were entered into the model (see Model 1 in Table 6).
This first model significantly predicted the post-test measure, F (8, 122)=6.990,
p<0.001, adj. R*=0.269. However, most predictors did not significantly contribute
to the model, so further analyses were conducted to find a parsimonious model.
To select the simplest model, several models were first estimated by including or
excluding predictors according to their relevance to the model and then compared
using the AIC (Fahrmeir et al. 2013). All models, displayed in Table 6, included the
pre-test measure of the number of hypotheses as a predictor. The selected final model
(Model 7 in Table 6) includes, in addition to the pre-test measure, beliefs about the
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Table 7 Regression coefficients of the selected model for the development of competence to hypothesize
about the causes of students’ errors

Independent variables B SEB B P

Constant 1.946 0.303 - 0.000
Nr. Hypotheses pre-test 0.242 0.073 0.274 0.001
Beliefs—Nature of mathematics 0.294 0.209 0.116 0.162
Study progress 0.187 0.048 0.321 0.000

B unstandardized regression coefficients, SE B standard error of B, f standardized regression coefficients

nature of mathematics and study progress as predictors. The model significantly
predicts post-test competence to hypothesize about the causes of students’ errors,
F(3, 127)=18.336, p<0.001, adj. R*?=0.286.

The estimated coefficients for the selected model are displayed in Table 7.
Both the pre-test measure of competence (f=0.274, p=0.001) and study progress
($=0.321, p<0.001) contributed significantly to the prediction. Beliefs about the
nature of mathematics as a process of inquiry had a statistically non-significant
regression coefficient of small effect size, but explained some of the variance and
contributed to the model in the expected direction (8=0.116, p=0.162). These re-
sults indicate that PSTs who provided a higher number of hypotheses in the pre-
test were able to make more hypotheses about the causes of students’ errors in the
post-test when controlling for their beliefs and study progress. In addition, the re-
sults indicate that PSTs who were more advanced in their studies provided more
hypotheses about the causes of students’ errors when controlling for their pre-test
performance and beliefs. Similarly, if pre-test performance and study progress are
controlled for, PSTs holding stronger beliefs about the nature of mathematics as an
inquiry process showed better competence in the post-test.

6 Summary, Discussion, and Limitations of the Study

As classrooms become increasingly heterogeneous, teachers are required to indi-
vidualize teaching strategies and provide targeted support to students to promote
mathematical learning. Teachers’ diagnostic competence is crucial to this process,
as it allows teachers to understand students’ thinking and tailor their pedagogical
decisions (Artelt and Grésel 2009; Brandt et al. 2017). In particular, by analyz-
ing students’ errors, teachers can gain valuable insight into students’ mathematical
understanding and areas in which students need further support. A crucial step in
the diagnostic process that teachers follow when analyzing students’ errors is in-
terpreting students’ thinking by making hypotheses about the causes of an error.
The quality of these hypotheses has a strong impact on the quality of the teaching
strategies that can be implemented. Providing learning opportunities that promote
the development of this competence during initial teacher education has proven to
be a challenging endeavor for teacher educators (Cooper 2009; Heinrichs 2015; Son
2013; Tirling et al. 2012). Therefore, the study presented in this paper aimed to
unpack the characteristics and development of pre-service primary school teachers’
competence to hypothesize about the causes of students’ errors. To support the de-
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velopment of this competence, a university seminar sequence was implemented in
several Chilean universities.

In relation to our first research question, we found that primary school PSTs
faced difficulties when hypothesizing about the causes of students’ errors. They were
often unable to provide valid hypotheses and instead gave incorrect, incomplete, or
contradictory suggestions; very general causes that were not specific to the error;
or a description of the error that did not refer to its cause. This suggests that PSTs
were largely unable to interpret students’ thinking, making it difficult to provide
appropriate pedagogical responses. These results align with findings from other
studies involving teachers (Seifried and Wuttke 2010) and PSTs (Tiirling et al. 2012;
Wauttke and Seifried 2013). Most PSTs with valid hypotheses attributed the error to
a lack of conceptual understanding of a mathematical issue. To a lesser extent,
they ascribed errors to students’ lack of procedural knowledge or inappropriate
instructional decisions.

Regarding our second research question, all variables related to PSTs’ beliefs,
knowledge, and teaching experience were significantly associated with their com-
petence to hypothesize about the causes of students’ errors. PSTs’ beliefs about
learning mathematics as a student-centered, active process showed the strongest
correlation with their competence to make hypotheses. This result was confirmed
in the multiple regression analysis that included PSTs’ beliefs about the learning
of mathematics and their teaching experience as generalists in primary schools as
significant predictors. Beliefs about mathematics learning as an active process are
closely related to a constructivist paradigm, in which efforts to understand students’
mathematical thinking and interpret their errors play a particularly relevant role.
Thus, PSTs who hold such beliefs tend to be more willing to seek out causes of
students’ errors. The role of teaching experience as a predictor supports findings
from other studies that highlighted the relevance of teaching experience for the
development of diagnostic competence (Heinrichs 2015; Tiirling et al. 2012). It
is possible that school experiences during initial teacher education may have con-
tributed to a better understanding of young students’ thinking processes and the
need for a flexible perspective to comprehend their ideas. We also expected that
professional knowledge would play an important role; more advanced knowledge of
mathematics and mathematics teaching and learning would provide PSTs with more
resources to interpret students’ thinking. Other studies have shown the relevance of
professional knowledge for diagnosing students’ mathematical thinking (i.e., Bartel
and Roth 2017; Kron et al. 2021; Ostermann et al. 2018; Streit et al. 2019). Al-
though no variable related to professional knowledge was included as a predictor
in the final regression model, PSTs’ MKT showed a significant correlation with
competence and had a positive effect as a predictor in preliminary analyses. We
interpret this phenomenon as an interesting indicator for the importance of knowl-
edge for the interpretation of students’ errors. However, our final model highlights
more the effect of beliefs and experience for the formulation of hypotheses about
the causes of errors. This raises some questions for further research, such as whether
it is possible to compensate lacking knowledge for error interpretation by experi-
ence or error-supporting claims. It is also worth asking whether the ability to take
a flexible perspective for interpreting students’ thinking plays an important role in
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the formulation of hypotheses about the causes of errors and, if so, whether beliefs
or teaching experience allow this flexibility to be developed.

The results for the third research question suggest that PSTs’ competence to
hypothesize about the causes of students’ errors can be developed within initial
teacher education. There were significant improvements between the pre- and post-
tests, not only quantitatively (i.e., an increase in the number of valid hypotheses PSTs
were able to formulate at the second testing time) but also qualitatively (i.e., the types
of hypotheses they formulated and their quality). At the second testing time, PSTs
attributed student errors less frequently to inappropriate instructional decisions and
provided a greater proportion of hypotheses that attributed student errors to a lack
of conceptual or procedural understanding. This suggests that prospective teachers
improved their ability to focus on student thinking. Although the gains cannot be
directly attributed to participation in the seminar sequence because the study did
not have an experimental design (i.e., no control group) and other factors may
have contributed to the development of competence, the results are promising and
indicate that PSTs can develop this competence during initial teacher education.
This supports evidence from other research studies, which show that interventions
during initial teacher education can significantly improve PSTs’ ability to diagnose
students’ thinking (e.g., Phelps-Gregory and Spitzer 2018; Santagata et al. 2021).

The individual analyses indicated multiple associations between PSTs’ beliefs,
knowledge, and teaching experience and greater changes in competence to make
hypotheses about the causes of student errors. The final regression model includes
study progress as a significant predictor in addition to baseline competence. PSTs
who have progressed further in their studies have had more learning opportunities,
both in practical experience and professional knowledge (not only in mathematics
and mathematics teaching but also in other areas such as curriculum, assessment, or
educational psychology). It is possible to envisage that these opportunities may have
provided PSTs with knowledge and skills with which to connect the newly learned
content from the seminar sequence.

Although the results provide answers to our research questions, the present study
has limitations, and the findings should be interpreted cautiously. The implementa-
tion of the seminar sequence varied at the participating universities; at some uni-
versities, it was part of the mandatory activities, while at others it was offered as
a voluntary extracurricular opportunity. For this reason, and because this was a field
study in which the intervention took place in natural settings, it cannot be assumed
that the conditions were identical in all groups. In addition, probability sampling
techniques could not be used, and we obtained a convenience sample with no control
group. Consequently, the study is not representative of primary school PSTs, and
the results cannot be generalized. This is sufficient for our exploratory goals, but
the results need to be replicated in future studies. Further, the error tasks used in the
seminar sequence and those selected for the error analysis tasks in the instrument
were all related to elementary-level numbers and operations content. This limits
the significance of the results to error diagnosis in this domain of mathematics; the
findings cannot be easily transferred to other areas, such as geometry, early algebra,
problem solving, or modeling. Finally, because the study has a pre- and post-test
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design and no third testing time, the stability of the development of competence was
not examined.

Despite these limitations, the results of the present study suggest that the diag-
nostic competence of primary school PSTs’ can be developed within initial teacher
education. Furthermore, our findings help to unpack the complexity of PSTs’ com-
petence to interpret students’ errors by identifying associations between this compe-
tence and several individual features. The results provide evidence that competence
models should incorporate beliefs and knowledge as aspects of observable perfor-
mance (Blomeke et al. 2015), and they suggest that practical experience plays an
important role in competence. Although further studies are needed to replicate the
findings and better understand the process by which PSTs interpret students’ er-
rors, how they develop this competence, and how it is affected by various factors,
the present study provides valuable insights. It suggests that implementing learning
opportunities to develop PSTs’ diagnostic competence is a promising endeavor for
initial teacher educators. This is especially true for PSTs in the middle or advanced
stages of their programs, when they have a base of professional knowledge and have
had practical experiences with teaching. The findings of this study also indicate that
beliefs play an important role in competence and its development. For this reason,
development of an awareness of the learning potential of errors and the importance
of focusing on students’ thinking for successful teaching appear to be particularly
relevant.
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