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In this paper, an innovative approach is suggested for quantum teleportation of multi-qubit physical state into
an error correctable multi-qubit logical state. For this purpose, an efficient quantum error correction scheme
is applied to detect and correct one bit flip and/or phase flip error in the teleported logical state. In addition,
the proposed mechanism is substantiated by teleporting an eight-qubit physical state via four-qubit cluster
state which involves three-qubit logical states as a quantum channel. The proposed scheme may be physically

realized in the future fault tolerant quantum technologies.

Introduction

Quantum teleportation (QT) emerged as a fascinating manifestation
of quantum information theory which has been physically realized even
for very large distances. For instance, ground-to-satellite quantum tele-
portation has been successfully demonstrated quite recently [1]. Theo-
retical framework for QT was pioneered in 1993 by Bennett et al. [2]
using an EPR channel [3]. Later on, the theoretical prediction was
experimentally realized by two independent research groups [4,5].
Since then quantum teleportation has received great attention of the
researchers who had contributed significant advancements in this area.
Recent advancements include the implementation of quantum telepor-
tation across the world using various technologies such as trapped
atoms, photonic qubits, spin—orbital qubits and atomic ensembles [6—
9]. In contrast to these discrete cases of teleportation, continuous
variable approaches have also been envisaged for quantum teleporta-
tion [10,11]. For a comprehensive review of the recent advancements
in quantum teleportation, the readers are referred to [12]. On theoret-
ical horizon, several attempts have been made to investigate quantum
teleportation at larger scale. For instance, Li et al. [13] suggested
probabilistic teleportation mechanism in n dimensions. Bae et al. [14]
exploited anti-symmetric property of quantum states and theoretically
established that the such type of teleportation transmits significantly
higher amount of information as compared to its symmetric counter-
part. Zheng [15] came up with a nearly perfect teleportation through
a mixture of entangled states with the aid of an ancillary particle.

* Corresponding author.

More recently, multi-qubit teleportation using multi-qubit quantum
channels has attracted the attention of the researchers [16-28]. In
this regard, Shao [16] suggested that a two-qubit entangled state can
be successfully transmitted from one place to another through four-
qubit cluster states. In another attempt, Nie et al. [17] suggested
the teleportation four-qubit states via six-qubit cluster states. Yang
et al. [18] proposed a multi-qubit, bi-directional QT in the presence
of noise. Quite recently, Zheng et al. [19] presented QT of seven-qubit
state via entangled pair of four qubits.

The above mentioned multi-qubit teleportation strategies are re-
source efficient since these strategies use fewer qubits to teleport higher
number of qubits. However, in operational sense, these strategies are
susceptible to errors because these schemes employ the quantum chan-
nels which are comprised of physical qubits only. It is well known fact
that these physical qubits are sensitive to various types of noise due
to the interaction with the environment [29] and can induce various
errors. In addition, the induced errors may propagate through the
quantum circuits due to the imperfections in quantum gates used to
construct these quantum circuits. Keeping in view these limitations,
an enhanced quantum teleportation framework is suggested which can
not only detect and correct quantum errors but can also prevent error
propagation in a resource efficient way. The key feature of the proposed
mechanism is to harness error resilient multi-qubit teleportation by
employing multi-qubit logical states as a quantum resource. More pre-
cisely, an entangled four-qubit state is considered as quantum resource
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Table 1
The stabilizer formalism using the eight-qubit scheme.
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between the sender (Alice) and the receiver (Bob), where Alice holds
a physical qubit as usual. However, Bob possesses three-qubit logical
state encoded via a suitable quantum error correction code (QECC).
The proposed mechanism is in stark contrast to the above mentioned
multi-qubit teleportation strategies where the quantum channels in-
volve only physical (un-encoded) multi-qubit states on both Alice and
Bob’s sides. The proposed strategy ensures the detection and correction
of certain types of one bit errors through a rigorous non-degenerate
stabilizer formalism [29-33]. In addition, this formalism also prevents
further propagation of the errors through the quantum circuits owing
to transversal nature of the logical gates. Furthermore, the suggested
mechanism is applied to teleport an unknown eight-qubit physical state
in a resource efficient way.

The organization of the paper is outlined in the following. The
quantum error correction (QEC) mechanism employed in the proposed
quantum teleportation framework is described in Section “Quantum
error correction and logical quantum states”. The proposed quantum
teleportation framework and its distinct features are entailed in Section
“Methodology”. The capability of the proposed framework to withstand
security attacks is depicted in Section “Security evaluation”. Lastly, the
conclusions are drawn in Section “Conclusion”.

Quantum error correction and logical quantum states

Prior to describing the proposed framework for multi-qubit physical
state teleportation into multi-qubit logical states, the necessary details
are provided for the multi-qubit logical states and the corresponding
quantum error correction codes considered in this paper.

With the increase in the size of quantum circuit, imperfections in the
physical realization of quantum gates induce errors which in turn may
produce undesired and inconsistent results [34]. Depending upon the
nature of errors, various quantum error correction (QEC) schemes have
been proposed to identify and amend those errors accordingly [31-
33,35]. The key principle of any QEC schemes is to design logical qubits
(encoded states) and the stabilizers that preserve the invariance of those
logical states which can withstand those errors.

Encoded state preparation

In this paper, three qubit encoding scheme using eight qubits,
[[8,3,3]], is considered [31,33] which is shown in Table 1. Here,
{‘%,»}1.5=1 generates the abelian subgroup S of the unitary Pauli group
Gjg. The subgroup S is called stabilizer and it preserves the invariance
of the three-qubit logical code |¢). That is, we can define the code space
T ={|g)s.t. #l|p)=|p) VM € S}.

The generators .#, through .#5 along with X; and Z;, (i = 1,2,3),
generate the normalizer group 4/ (.S). The group .S is contained in 4/ (.S).
The main difference between S and ./ (S) is that S is invariant under
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conjugation. That is, for any element g € Gg, gSg~! = S. The three-
qubit logical states are obtained by using the elements of S and ./ (.S)
as follows [29,31]

5

[000) = H (I+ ;) 1000000000) = 2 |000000000), @
i=1 MES

010) = 2,]000), @

101) = ;.25]000), ®3)

[111) = 2,.2,2;]000). (4)

The logical states |@> and |m) are explicitly described as

|000) = %(|00000000> — 00001111} +]00110011) + [00111100)

+101010101) — |01011010) — |01100110)

—101101001) + |11111111) — |11110000)

+]11001100) + |[11000011)

+[10101010) — |10100101)

—110011001) — |10010110}), (5)
[111) = %(|00010111>— |00011000) + |00100100) + [00101011)

+101000010) — |01001101) — |01110001)

—01111110) + |10000001) — |10001110)

+]10110010) + |10111101)

+|11010100) — |11011011)

—|11100111) — |11101000}). (6)
Since the generators, .#;, commute with each other and the encoding
scheme is non-degenerate, these generators have common eigenstates.
Hence, the input state |0)®3 is projected into an eigenstate of each of
the ./ stabilizers defined in Table 1 using five ancillary qubits. The

encoding quantum circuit and the encoded states are shown in Fig. 1
and Fig. 2, respectively.

Error detection and correction

As described earlier, the abelian subgroup S preserves the invari-
ance of the three-qubit logical code |p). That is, S generates the
code space T = {|¢p) s.t. #|p) = |p) V4 € S}. Since all the generators
A ; commute with each other, the task of detecting any error E is
determined by evaluating anti-commutation of E with any of these
generators. Mathematically, it can be explained as follows. Suppose E
anti-commutes with /5 i.e., #3E = —E/5. Then, for any |¢) € T and
the error E

M3E|p)=—E M3lp) =—E|p). @)
——

M3|p)=|9)

Note that E|¢) represents an erroneous state since it is not a valid code
i.e., E|p) ¢ T. However, the location of error is not yet completely
determined. In order to find the location of error, the encoding scheme
is represented in symplectic notation [33] as

o o0 0 0 0 0 0O Oj1 1 1 1 1 1 1 1
1 1r 1111 1 10 0 0O O O O O O
M= 1 01 01 01 00 1 1 0 01 1 0
011001 1 00 O0O0T1 1 1 1 0V
o o0 o0 1611 1 0|1 1 001 1 00
(8)

where the non-zero entries correspond to 5, and §, or I in the left and
right partitions of the matrix, respectively. This representation offers a
relatively simpler way of analyzing the error detection and correction
mechanism. Note that the encoding scheme is non-degenerate since
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Fig. 1. The quantum circuit to prepare three qubit encoded states |000) . and |111) . from the eight qubit physical qubits.
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Fig. 2. The left and right side figures represent the three qubit logical states [000) . and [111) 1, respectively, prepared by the circuit shown in Fig. 1.

the rows of M are pairwise orthogonal. It implies that the encoding
scheme assigns a unique code for each one bit error. Furthermore, each
column may be viewed as error syndrome for a single qubit error. The
left and right sides of M can diagnose at most one single bit flip error or
phase flip error, respectively [31]. In the following, the error detection
process is briefly explained for a bit flip and phase flip errors.

Bit-flip error detection

Suppose the initial encoded state be given by

Ip) = L—i(|00000000> —100001111) + [00110011) + [00111100)
+101010101) — [01011010) — [01100110)
—|01101001) + |11111111) — |11110000) + |11001100)
+]11000011) + [10101010) — [10100101)
—110011001) — [10010110}). ©

Further assume that a bit flip error, E,, occurs on any of the eight
physical qubits yielding the resultant state

E |¢) = %(|01000000> —101001111) + [01110011) + [01111100)
+100010101) — [00011010) — [00100110)
—100101001) + [10111111) — |10110000) + |10001100)
+110000011) + [11101010) — [11100101)

—[11011001) — [11010110)). (10)

To detect the location of the error, each of the generators, .#;, is applied
to E,|¢). The results of these operations are shown below

M EL\p) = El¢),

MAHE D) = —E,|¢d),

MEL D) = E,ld),

MLEL D) = —E,|d),

MsE(|¢p) = E.|p). 1D

Note that, negative sign appears for .#, and .#,. It can further be
noticed that the second column in Table 2 indicates non-zero entries
only for ./, and .#,. Therefore, these results reflect that bit flip error
has occurred on the second qubit location. This result is also shown
in Fig. 3(a) using the same quantum circuit drawn in Fig. 1 with
the erroneous state (10) as an input. Consequently, the corresponding
correction operation I ® 6, ® I®% on the state (10) restores the original
state (9).

In essence, the detection procedure provides a unique combina-
tion of the generators which anti-commutes with the given E,. This
combination matches with a unique column of Table 2. The index of
the column returns the location of E, error which can then be easily
corrected as mentioned above.

Phase flip error detection

Starting with the same encoded state (9), suppose the phase flip
error E, occurs on any of the eight qubits yielding the state

E.|p) = i(|00000000) +100001111) — |00110011) + [00111100)



D.-G. Kim et al.

Results in Physics 50 (2023) 106565

1000

Probabilities

0.00

9
S
o

(a)

1000
1.00

o
~
w

Probabilities
o
w
(=]

0.25

0.00

N
o
8§

(b)

Fig. 3. The left and right figures represent the syndrome extraction for bit flip error on the second and eighth locations, respectively, as predicted in Table 2. The syndrome
extraction is implemented using the same circuit shown in Fig. 1 with the erroneous states as inputs.

Table 2
Detection of bit flip error (the left partition of M).
611 612 67.3 514 615 616 627 67.8
My 0 0 0 0 0 0 0 0
M 1 1 1 1 1 1 1 1
My 1 0 1 0 1 0 1 0
M, 0 1 1 0 0 1 1 0
M s 0 0 0 1 1 1 1 0
Table 3
Detection of the phase flip error (the right partition of M).
23 29 53 Ox4 Oss 2% 57 Oxg
/A 1 1 1 1 1 1 1 1
Mo 0 0 0 0 0 0 0 0
M 0 1 1 0 0 1 1 0
M, 0 0 0 1 1 1 1 0
M 1 1 0 0 1 1 0 0
+101010101) — |01011010) — |01100110)
+[01101001) — |11111111) — |11110000) + |11001100)
—|11000011) +|10101010) + |10100101)
+110011001) — |10010110}). (12)

Proceeding in the similar fashion, each of the generators, .#;, is applied
to the above encoded state. The corresponding results are given as

ML E ) = —E.|$),
MAE D) = E|$),
MAE|D) = E.|$),
MAE ) = E;|$),
MSE;|p) = E.|$).

In this case, the negative sign appears only for .#,. By looking up
Table 3, it turned out that only the last column involves non-zero entry
against ./, while it has zero entries for the rest of the generators as
shown in Fig. 4(a). Therefore, it can be easily inferred that the phase
error has occurred on the eighth location. Accordingly, the error can
be corrected by applying the operator I®7 ® §, to the state (12).

In the similar fashion, the simultaneous phase and bit flip error on
any qubit can be detected and correcting using the Table 4. It is also
important to note that the columns of this table are obtained by just
adding the corresponding columns given in Tables 2 and 3. This is due
the fact that 6, at location i anti-commutes with both &, and &, at the
corresponding location in their respective tables (see Fig. 5).

13

Table 4
Detection of simultaneous bit and phase flip errors.
6}’1 6}’2 6}‘3 5}'4 6)’5 5)’6 65’7 6}‘8
/A 1 1 1 1 1 1 1 1
Mo 1 1 1 1 1 1 1 1
My 1 1 0 0 1 1 0 0
M, 0 1 1 1 1 0 0 0
M 1 1 0 1 0 0 1 0
Methodology

Proposed quantum teleportation

The suggested mechanism is inspired by a recent physical realiza-
tion of teleporting single qubit physical state into a logical state where
Alice and Bob jointly possess an entangled state of one physical qubit
owned by Alice and one logical state owned by Bob [36]. However,
the proposed quantum teleportation significantly differs from the said
approach in the following two ways. Firstly, the proposed mechanism
used four qubit entangled state shared between Alice and Bob, allowing
multi-qubit physical state teleportation into multi-qubit logical state.
Secondly, the suggested encoding scheme utilized an eight qubit non-
degenerate code [[8,3,3]] to construct three qubit logical states [33]
whereas [[9,1,3]] code is used in [36] which employs nine physical
qubits to design one logical qubit [30,37].

In what follows, the proposed teleportation scheme of three-qubit
physical state into a three qubit logical state is explained succeeded by
an extension of the proposed mechanism for an eight qubit physical
state teleportation into three qubit logical space. For this purpose, the
following cluster state possessed by the sender, Alice, and the receiver,
Bob, is considered

1 —_— R —_— —_—
IC) 533 = 5(10000) + [010T) + [1010) ~ | 1TTT)) . (14)

where the physical qubit |¢;) is possessed by Alice and the remaining
logical qubits |c,c5¢,) are possessed by Bob. The unknown three qubit
physical state to be teleported is given as

[¥)ape = Al000) 4+ ]001) + v|110) + w|111), (15)

where it is customary to mention the normalization constraint || +
lul> + [v]® + |@|> = 1. The joint state of the three-qubit physical state
and quantum channel (QC) is then given by

[Mabe1234 = W) ape ® 1C) 1557- (16)

In order to implement the proposed teleportation scheme, the first four
qubits, indexed by abcl, of the combined state (16) are described as a
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Fig. 4. The left and right figures represent the syndrome extraction for the phase flip error on the eighth and sixth locations, respectively, as predicted in Table 3. The syndrome
extraction is implemented using the same circuit shown in Fig. 1 with the erroneous states as inputs.
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Fig. 5. The left and right figures represent the syndrome extraction for simultaneous bit and phase flip error on the fourth and seventh locations, respectively, as predicted in
Table 4. The syndrome extraction is implemented using the same circuit shown in Fig. 1 with the erroneous states as inputs.

superposition of the following mutually orthogonal basis {|¢7),;. }1.121

¢ =
1) =
&%) =
¢t =
1) =
[
1K’y =
I¢%) =
1%y =
1£'%) =
ety =
6" =
) =
¢ =
£ =

%[|0000) +10101) + ]1010) + | 1111)] 01,

%[|0000) ~10101) 4 [1010) — [1111)] 501,

%[|0000) +10101) — [1010) — [1111)] 501

%[|0000) ~10101) — [1010) + [1111)] 01,

%[|0001) +10100) + ]1011) + | 1111)] 01,

%[|0001) ~10100) 4 [1011) — [1111)] 01

%[|0001) +10100) — [1011) — | 1111)] 01

%[|0001) ~10100) = [1011) + [1111)] o1

%[|0010> +]0111) + [1000) + [1101)] o,

%[lOOlO) —|0111) + [1000) — [1101)1 1>

%[|0010) +10111) = [1000) — [1101)] 5.,

%[|0010) —0111) — [1000) + [1101)] 5.,

%noon) +10110) + [1001) + [ 1100)] 5., -

%noon) —10110) + [1001) — [1100)] .-

%noon) +10110) — [1001) — [1100)],5.

€10y = %[|0011) +(0110) + [1001) + [1100)] 441 -

7)

Consequently, the combined state |#),.1234 given in (16) can now
be re-written in the above basis as

M) abe123s =

7 [167Y(41000) + lD10) + v{TOT) + T34

+1¢? )(41000) — #[010) + v[101) — @[ 111)),34
+1¢3 )(A1000) + [010) = v[101) — @[ T11))34
+1¢* )(41000) — #[010) — v[T01) + @[ 111)),34
+1¢ )(A1010) + 4|000) + v[111) + @[ 101))34
+1¢® )(4010) — |000) + v[T11) — @[101)),34
+1¢7 )(A[010) + #[000) — v[T1T) = @[101)),34
+1¢® )(A1010) = #|000) = V[T11) + @[ 101))34
+1¢% YAIT0T) + w[T11) + v[000) + @[010)),34
+[¢"O)(A[TOT) — | TT1) + v|000) — [010)),34
+CMYAI0T) + [ T11) = v[000) — @[010))534
+[¢"2)(A[T0T) — [ 111) = v|000) + [010)),34
+[CBYAITITY + [ 101) + v[010) + ]000)),34
+C)AITIT) = u[101) + v|010) — ]000)),34
+1¢) AT+ u[101) = v]010)— @]000)),34

+E )Y ITIT) = pT0T) = vIOTO) +0{000))z34 |

(18)

Now, Alice performs the measurement on her side by utilizing the
basis defined by (17). The measurement results in the collapse of
the superimposed state (18) into one of the basis states ('), for
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Table 5

The logical qubits obtained by Bob after measurement by Alice.
Alice’s Classical Bob’s Bob’s
result information state operation
1 0000 A1000) + #|010) + v[101) + w|111)  I®8
1€%) 0001 A1000) — u[010) + v[101) - @[T11) %,
12%) 0010 4000) + u[010) — v[101) — [ TT1) ~ Z;
I 0011 A1000) — u|010) — v|101) + | 111)  Z,Z,
1£5) 0100 A1010) + |000) + v|111) + w|101) L,
1£°) 0101 4[010) — u[000) + vI1I1) = @[101)  £,2,
17 0110 Al010) + ]000) — v[111) — @[101) 2, %,
1% 0111 4[010) — u[000) — vITIT) + @[101)  Z,2,%;
1£%) 1000 A[101) + | T11) + v|000) + w|010) 2,25
1£10) 1001 ATOT) = u[T111) + v|000) — @[010) 2, Z,2;
1" 1010 AT0T) + ul111) = v[000) — @[010) X, Z, 5
1£12) 1011 A101) = u[111) = v|000) + @[010) ~ Z,X, %, 5
|13y 1100 ATITY + p|101) + v[010) + [000) X, T, X5
T4} 1101 A[T1T) — u|101) + v|010) — @|000) X, %, 2, %5
I£1) 1110 ATIL) + pl101) = v[010) — @[000) 2,2, %32,
1£16) 1111 ATIT) — u[101) — v[010) + [000) 2,2, %> 225

some i. Subsequently, Alice communicates measurement results to Bob
through classical channel. As a result of the measurement, Bob’s state
has been transformed into one of the sixteen three qubit logical states
provided in Table 5. It is worth noticing that the proposed teleportation
scheme differs from the conventional teleportation mechanisms where
the unknown physical qubits are teleported into the physical qubits.
Here, the physical qubit are teleported into the logical qubits using the
quantum channel involving the entanglement between the one physical
and three logical qubits.

In order to recover the teleported state (the three qubit logical state)
Bob performs the encoded (logical) unitary operations 2;’s and Z;’s
defined in Table 1. These logical operations acting on Bob’s state are
shown in the last column of Table 5. Since the logical operators 2" and
Z are the elements of the normalizer subgroup //(S), these operators
just transform the logical state (element of the code space T) into
some other logical state in 7. More precisely, these transformations
ensure that the encoded states must remain within the code space T.
It is also emphasized that these logical operations recover the original
encoded state in a fault tolerant fashion. It implies that the operations
directly operate on the logical states without any limitation of decoding
and then re-encoding process. Furthermore, these logical operations
are transversal gates and act independently on each physical qubit in
the logical state. This mechanism ensures that errors do not propagate
during the computation. Finally, Bob can recover the original three
qubit physical state just by taking adjoint of the encoding operation
since the stabilizer group S is unitary.

Noise analysis

To examine the efficiency of the proposed QEC scheme for quantum
teleportation, we estimate and compare the fidelities of physical (un-
encoded) and logical (encoded) qubits in the presence of coherent Pauli
noise [30,31,33]. Consider the single qubit coherent noise operator,
E = exp(ieé,) with the assumption that each of the physical qubit is
susceptible to this noise where ¢ <« 1. Then, the action of E on the
logical state |¢); yields

|d) g

E®8|¢p); = (cos el +isined, ) |¢),, 19)
= [a01®8 +a,06, @I +1® 6, @ 19

+122 @6, Q1% + - +197 ®4,)
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+0,(6? @I +5, ®1® 6, ®I®°

+6, Q1% @5, @I% + - +1%06%%)

+ o+ (6% @I+ RI® 6,

+5§5®1®5§2+-.-+1®5§7)+a85§8] 1) L. (20)
where the coefficients «,’s,(i =0, 1, ... ,8) are given by

7 1 6 2

ay = cos® e,

ay =icos’esin' €, a, =-—cos’esin”¢,
ay = —i cos’ esin’ e, a = cos* esinte,
as = icos’ esin’ e, ag = — cos” esin® e,
a; =—i cos! esin’ e, ag = sin®e. 21

Note that the coefficient o, corresponds to the noise free state |¢); and
the coefficient ag corresponds to no error detected state since 6% just
flips each of the physical qubit in |¢);. The rest of the coefficients «,
through a, represent erroneous states.

Let us first consider the action of the coherent error E, on single
physical (un-encoded) qubit |¢)p given by

E, |p)p =cose|p)p + isined,|p)p. (22)
The fidelity of the un-encoded state will then be

Fony = |p(DIE D) p> = cos” e m 1 — . 23

In case of single logical (encoded) state |¢); , we evaluate two fidelities.
The fidelity when no error is detected and the fidelity when an error is
detected. In case of no error detection, the fidelity is given by
8 2
Fno error found = |L<¢|E§’ |¢)L| >
lag |2 _ cos'® e

|0‘0|2 + |0’8|2
~1-¢lf. 24)

cosl6 ¢ +sin'% e

Now let us consider the case when an error is detected, say without loss
of generality, on the first qubit of the eight qubit code. In this case, the
fidelity is given by

la, I

Z,‘Ll |‘3‘i|2

12

8 2
Ferror found=|L<¢|E;® |¢>L| =

Cos '~ €

cos!2 e+cos! e sin® e+cos’ € sin* e+cosS € sin® e+cos? € sin® e+cos? e sin'® e+sin'? e
1

Tt 4t +eS+ed+el0fel2’

~1-¢e?+0(h. (25)

From the above analysis using (23)-(25), it turned out that the fidelity
of the output state using an encoded (logical) state (with or without
detecting error) is always greater than the fidelity using an un-encoded
(physical) state. More precisely, if no error is identified then the devi-
ation from the original state is suppressed from O(e?) to O(e'%). In case
of single error detection, the fidelity is at least the same as achieved by
the physical state. Hence, in either case, the fidelity results achieved by
encoded or logical state are better than that of the physical state.

Simulation results

In the following, we explain the capability of the suggested tele-
portation mechanism to effectively teleport an eight qubit physical
state in a fault tolerant way. In this regard, we consider the fol-
lowing eight qubit physical state [38] and use Qiskit Aer Simula-
tor with gasm simulator as backend [39,40] to explain the proposed
teleportation mechanism.

&) abedesen = (H100000000) + 4#00100000) + vI11011111) + | 1T gyoge s ens
(26)

where |4 + |u|? + [v|*> + |o|> = 1. The quantum circuit to prepare this
state and the obtained state are shown in Figs. 6 and 7, respectively.
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Fig. 7. The eight-qubit state possessed by Alice before teleportation.

In order to apply the proposed teleportation scheme, the eight-qubit
state is locally deformed in a unitary fashion on Alice side as follows.
Alice first applies swap gate on qubits with the indices b and ¢ to obtain
the state given by

|E) acbaeren = (4100000000) + u[01000000) + v|10111111) + w|11111111)).
27)

Subsequently, Alice performs CNOT operations on qubits with the
indices d, e, f, g and h as the target qubits while qubit with index
b as the control qubit. These operations yield the following eight qubit
state

&) aebiesen = (A100000000) + 4#/00100000) + v|11000000) + 0| 11100000} scpge  cn-
(28)

The corresponding quantum circuit for these deformations is provided
in Fig. 8. Note that by utilizing the above local unitary operations, on
Alice side, we can obtain a relatively simple eight qubit state given by

1€ achaesgn = (A1000) + p|001) + v[110) + | 111)),.5 ® [00000) 4, r4-
(29)

It can be observed that the first three-qubit subsystem in the above
mentioned eight-qubit state perfectly matches with the physical state
(15). Hence, the state (29) can be teleported by utilizing the proposed
teleportation mechanism 5 and the quantum channel (14) in a fault
tolerant fashion. Finally, to recover the original eight qubit state (26),
Bob performs the decoding process followed by CNOT and swap oper-
ations in the reverse order which Alice has applied on her side. The
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Fig. 8. The quantum circuit to prepare the eight-qubit state (28).

complete quantum circuit for the suggested teleportation mechanism
and the teleported state (along with the ancillary qubits) are shown in
Fig. 9.

Mathematically, the reconstructed state in Bob’s possession is given
by

L) = 1/0.247100000000) + 1/0.247|00100000)
+ 1/0.242]11000000) + v/0.264|11111111).

It can be observed from Fig. 10 that the teleported state closely re-
sembles with initial unknown state on Alice side with the fidelity of
teleportation greater than 0.999.

The above example shows that the suggested teleportation mech-
anism has two fold advantages. Firstly, it can detect and correct one
bit flip or phase flip error during teleportation by exploiting the in-
herent property of logical state entangled with the physical state in
the quantum channel (14). Secondly, it may enhance resource efficient
teleportation of multiqubit states using local unitary operations on
either side without propagating errors since the logical operations,
given by Table 1, involve transversal gates only.

(30)

Communication cost comparison

The cost of communication is also an important factor to evaluate
the efficiency of a teleportation scheme. For this purpose we use and
compare the transmission efficiency metric, x, defined as [19]

g
k= — 1 31)
Rep & Rep + Rgye
where n, denotes the number of qubits to be teleported, n , denotes the
number of channel particles, n,, represents the number of classical bits
transmitted and n,,. denotes the number of ancillary qubits.

In the following, we compare the transmission efficiency [19] of
some of the recent multi-qubit teleportation schemes [19,41,42] with
the proposed scheme. The comparison results are depicted in Table 6,
where the larger value of « indicates better transmission efficiency.
In Refs. [41,42], four particles cluster is used as quantum channel to
teleport three and two particle states, respectively, whereas the four
particles entangled state is used to teleport seven qubit state in [19].
The present scheme used four qubit entangled state to teleport eight
qubit state. It can be observed from Table 6 that the transmission
efficiency of the proposed scheme is pretty much competitive with the
rest of the schemes, yet not optimal. This seems reasonable due to an
extra transmission overhead caused by logical nature of Bob’s qubits.
However, the transmission overhead can be justified owing to more
reliable quantum teleportation using rigorous quantum error correction
scheme and encoded qubits.
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Fig. 9. The quantum circuit drawn in the left figure presents the complete teleportation mechanism. The right figure represents the teleported state.
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before teleportation. The red bars represent the teleported state on Bob side.

Table 6
Transmission efficiency comparison of multi-qubit
teleportation schemes [19,41,42] with the proposed

scheme.

Schemes np n, k%
Ref. [41] 4 3 50%
Ref. [42] 4 2 25%
Ref. [19] 4 7 53.8%
Proposed scheme 4 8 44.4%

Security evaluation

Although the security analysis falls under the ambit of quantum
cryptography, the teleportation methodology can somehow be scruti-
nized for certain security attacks. In the following, we briefly discuss
two types of security problems namely, internal and external attacks.

Internal attack

In such type of attack, the receiver (Bob) is not trustworthy.
That is, Bob either acts like Eve or Eve impersonates Bob while

communicating with Alice. This situation leads to information leakage
since Alice, oblivious of Bob’s true identification, continues to send her
measurement outcomes through the classical communication. This type
of attack can be handled by introducing an additional authentication
mechanism prior to commencing meaningful quantum communication.
The authentication process can be designed with the help of quantum
teleportation as follows [19].

Let us suppose that Alice and Bob share their respective identities
(in the form of qubits) prior to starting any communication. Let the
Bob’s identity be represented by |y)p = b5y|0)p + b;|1)p and Bob
wants to communicate with Alice. Further, assume that Alice and Bob
have established a quantum channel using an entangled state. The
authentication process starts with the joint Bell measurement of |y)p
with the qubit of the entangled pair on Bob’s side. This action leads to
the collapse of the entangled state along with the information of Bob’s
identity, |y)p, sent to Alice. Subsequently, Alice measures the qubit of
the entangled pair on her side in accordance with the measurement
outcome sent by Bob. This measurement enables Alice compare the
communicated Bob’s identity with the actual Bob’s identity which was
shared earlier. The successful comparison ascertains Bob’s identity so
that Alice can continue communication with Bob. Otherwise, Alice
terminates the communication. It is important to note that even if
Eve impersonates Bob, she has no access to the Bob’s identification
information which is known to Alice and Bob only. Hence, upon Alice
measurement, the Bob’s identity state sent by Eve will not match with

lw)p-
External attack

The suggested mechanism is also examined for the external attack.
For this purpose, a well known security attack is considered [19]
where eavesdropper has secretly entangled an extra qubit with Bob’s
logical qubits without his knowledge, so that she can measure the
extra particle to discover Bob’s state. Without loss of generality, let us
assume that Eve’s qubit be of the form |e) = (|0} +|1)) g. In response
to the suggested teleportation scheme, there are sixteen equi-probable
collapsed states shared between Bob and Eve denoted by |y'),34p =
|cicyc3e) which are given as follows

ly')2345 = (A[0000) + A[0001) + |0100) + u[0101)
+v|1010) + v[1011) + o[1110) + w|T111)),
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[y?)2345 = (A[0000) + A[0001) — #[0100) — u[0101)
+v|1010) + v|1011) — | 1110) — w[1111)),
[*)2345 = (A[0000) + A[0001) + |0100) + u[0101)
- VIWO) - vlml) - a)lmO) - co|m1)),
[y*)2345 = (A10000) + A[0001) — 1|0100) — u[0101)
—v|1010) — v[1011) + w|1110) + w[1111)),
[¥°)2345 = (A[0100) + A[0101) + 4£|0000) + u[0001)
+V|T110) + v[1111) + [1010) + | 1011)),
[¥®)2345 = (A[0100) + A[0101) — |0000) — [0001)
+V[1110) + v|1111) — »|1010) — w|1011)),
[v")2345 = (A[0100) + A[0101) + £|0000) + [0001)
—V|T110) — v[1111) — ©|1010) — w|1011)),
[v*)234 = (A10100) + 4[0101) — [0000) — 4|0001)
—v|1110) — v|1111) + w|1010) + w|1011)),
)24 = (A[1010) + A[1011) + u[T110) + p|T111)
+v[0000) + v|0001) + |0100) + w|0101)),
ly'%)2545 = (A[1010) + A[TOI1) — u|1110) — p|1111)
+v[0000) + v|0001) — |0100) — w|0101)),
' Ya34p = (A[1010) + A[TOI1) + w[1110) + p|1111)
—v[0000) — v|0001) — @|0100) — w|0101)),
ly'2)pap = (A11010) + A|1011) — p|1110) — u[T111)
—v[0000) — v|0001) + w|0100) + w[0101)),
W' )pap = (AI1110) + A|TI11) + p|1010) + w[1011)
+v[0100) + v|0101) + w]|0000) + [0001)),
ly')psap = (AIT110) + A|T111) — u|1010) — u[1011)
+v]0100) + v|0101) — ]0000) — w[0001)),
l'*)pap = (AIT110) + A|TI11) + p|1010) + p|1011)
—v[0100) — v|0101) — @|0000) — w[0001)),
') 24 = (AIT110) + A|T111) — u|1010) — u[1011)
—v|0100) — v|0101) + w|0000) + |0001)). (32)
Note that Bob’s qubits ¢,c,c; are logical or encoded states. It can be
observed that the suggested mechanism offers security against such
attacks in two ways. Firstly, the collapsed state |w')y34p is separable.
For instance |y!),3,; can be expressed as a direct product
w234k = (41000) + p[010) + v[101) + @[ 111))p34 ® (10) + [1))g.  (33)

Hence, Eve can seek nothing about the teleported state. Secondly, the
teleported state owned by Bob is not physical rather it is the encoded
state. Thus, Eve does not have any information whether the qubits
owned by Bob are physical or logical states and which type of encoding
scheme is employed by Bob.

Conclusion

We suggested an innovative quantum teleportation mechanism
where a multi-qubit physical state is teleported into another multi-
qubit but logical state. The suggested mechanism significantly differs
from the conventional teleportation which teleports a physical qubit
on sender’s side into a physical qubit on the receiver’s side. The
proposed scheme is substantiated by the teleportation of an eight-
qubit physical state via a four-qubit state where the receiver possesses
three logical qubits. The advantages of the proposed mechanism are
threefold. Firstly, the rigorous logical encoding framework enables
the suggested strategy detection and correct the most common bit
and phase error on any one of the multi-qubit state. Secondly, the
transversal nature of logical operations on the encoded qubits not only
offers resistance to error detection but also prevents the propagation of

Results in Physics 50 (2023) 106565

errors through the quantum circuits. Thirdly, the suggested mechanism
is resource efficient since it facilitates multi-qubit teleportation using
fewer resources. Owing to these distinguished features, the proposed
teleportation scheme may have significant contributions towards the
near future fault tolerant computing.
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