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The first ever ICMI study, undertaken in 1985, was entitled The influence of comput-
ers and informatics on mathematics and its teaching (Churchhouse et al., 1986).
The contributing authors, mainly mathematicians operated by and large from a
European and North American perspective, mostly focused on using computers to
model some advanced mathematical ideas. (Papers that focused on teaching and
learning were published in a separate supplementary publication.) Despite that,
there was the emergence of an international perspective, however limited, on the
relevance of computers and informatics to the teaching and learning of mathemat-
ics, particularly in the mathematics curriculum of the senior high school that could
just make use of spreadsheets and some graphing packages. This was because high
powered computer software programs were realised few years later: the first
Wolfram Mathematica in 1988; graphing calculators with Computer Algebra
Systems (CAS) in the late 1990s.

In 2006, the ICMI Study 17, hosted in Vietnam, returned to the same theme as
“Technology Revisited” (Hoyles & Lagrange, 2010). The contributing authors were
mostly from education, and, understandably, there was a stronger focus of the
papers was on the teaching and learning. This ICMI study adopted a broader
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international perspective, but its conclusions were still cautiously stated. They con-
cluded that some national governments had moved ahead, but generally the position
was described as one of limited adoption of technology in the teaching and learning
of mathematics, with differences occurring even within different states of the same
country. Despite a broader international participation in the study, one can say that
the issue had not moved outside the concerns of those mathematics educators who
remained its chief protagonists, while other mathematicians and mathematics edu-
cators appeared less convinced that the use of digital technologies had an important
and indispensable role in school mathematics.

Professional and Societal Perspectives: Connections Between
Internationalisation and Globalisation

The so-called fourth industrial revolution, based upon widespread use of data ana-
Iytics including big data, rapid refinements in artificial intelligence and its applica-
tions, and near universal access to high-speed Internet supporting cloud storages,
has created economic and social conditions that require an increasing supply of ICT
skilled workers. Up to 40 million new positions would need to be filled globally by
digitally competent workers, creating an urgent need for young people to leave
schools and training institutions digitally literate (WEF, 2018).

As a result, the international debate about curricular issues no longer takes place
largely within an educational/academic community. By 2018, major international
forums and agencies have taken up these issues. Economic ‘think tanks’, such as the
World Economic Forum and inter-governmental agencies such as the Asia-Pacific
Economic Cooperation (APEC, 2018), have advocated strongly that educational
systems and school mathematics need to respond promptly to the digital revolution.
To this end, a prize for promoting the use of digital technology in education is
offered by the Islamic Educational, Scientific and Cultural Organisation (ICESCO,
2019), for example.

These interventions are directly relevant to our theme and help us to draw out
important connections between internationalisation and globalisation; in particular,
showing how global economic and social conditions influence the framing of agen-
das for internationalisation of the school mathematics curriculum. ICMI Study 1
and ICMI Study 17 are instances of internationalisation, trying to bring together
different perspectives from the participating countries and seeking to reach a mea-
sure of agreement about what should take place. However, participation in these
studies was limited largely to educators and mathematicians, with a still muted role
for governments and international agencies.

To understand economic and social conditions that require an increasing supply
of ICT skilled workers and to prepare to take part in the fourth industrial revolution
in their future work, students need to learn to apply computational thinking (i.e.
thinking based on computations) skilfully. The global trends presented above,
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connecting professional and societal perspectives, are, for example, evident in two
directions regarding the rationales for including this thinking in compulsory educa-
tion: one deals with enabling students to solve problems as an information-
processing agent, whereas a second concerns a greatly needed preparation of
qualified workforce (Bocconi et al., 2016; Rafiepour, 2018). Clearly, there is no
hard and fast separation between these two rationales, each obviously influencing
each other.

The emergence of computational thinking is as a clear instance of globalisation
and internalisation in education as a consequence of: (1) an increasing reliance on
digital technology, whose applications often combines local and global contexts; (2)
growing use of algorithmic techniques to deal with various real-world challenges,
many of which go beyond local contexts; (3) raised parental and societal expecta-
tions concerning a better education of children, involving out-of-school coding and
programming activities that are available globally. These issues are considered in
the preceding chapter by Stephens, Kadijevich, Niss, Azrou and Namikawa.

Using Technology in Mathematics Education: Computational
and Algorithmic Thinking

Technology has been integrated in mathematics curriculum in many countries
worldwide. About 90% of countries that participated in TIMSS 2015, for example,
reported initiatives for this integration (Mullis et al., 2016). However, there is lack
of a solid knowledge of the way in which the integration could affect the content
taught and enhance its teaching and learning (Cai & Howson, 2012). Not only have
questions (such as, “Would frequent use of computers increase achievement?” and
“Is the quality of computers use more important to learning outcomes than the quan-
tity of computers use?””) generated inconsistent answers, but also several findings
supported just an infrequent use of computers in the classroom (Kadijevich, 2015).

To contribute to the development of this knowledge, research may primarily
focus on the way in which the use of computers and other digital tools can mediate
the learning of mathematics in a productive way (Drijvers, 2018). Because the
mediation in question is based upon problem solving with technology (computers
and other digital tools), apart from mathematical reasoning, it involves the above-
mentioned computational thinking, i.e. thinking based on computations, often
related to the application of tools and techniques from computer science.

The term computational thinking (CT) was first used by Papert (1980) in his
book, Mindstorms: Children, computers, and powerful ideas to describe specific
thinking that children applied in learning mathematics (i.e. Turtle geometry) through
LOGO programming. CT was later examined by Wing (2006), who viewed it as a
fundamental personal ability like reading, writing, and arithmetic. The Royal
Society (RS, 2011) described this ability as enabling persons to recognise aspects of
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computations in various problem situations, and to deal with those aspects, by
applying tools and techniques from computer science.

Algorithmic thinking (AT), on the other hand, is one form of mathematical rea-
soning, required whenever one has to comprehend, test, improve, or design an algo-
rithm — “a precisely described routine procedure that can be applied and
systematically followed through to a conclusion” (The Concise Oxford Dictionary
of Mathematics, 4th edn, p. 11). This procedure, whereby a mathematical problem
is usually solved, processes some numeric, symbolic or geometric data. To deal with
algorithms successfully, AT calls for distinct cognitive abilities, including abstrac-
tion (making general statements summarising particular examples) and decomposi-
tion (breaking a problem down into sub-problems).

CT deals with solutions in representations that could be efficiently processed by
information-processing agents (Wing, 2011). As these agents are mostly computers
nowadays, we assume that it is precisely the application of automation that separate
AT from CT. However, mathematicians may prefer to use term AT even when com-
puter tools are used (see Lockwood et al., 2016, for this preference).

Chapter Outline

In the rest of this chapter — based upon Kadijevich (2019b), Stephens and Kadijevich
(2020) and Rafiepour (2018) — CT, as a broader notion, is examined first in detail,
by summarising research findings regarding defining, cultivating and assessing it.
This examination is followed by a section on CT/AT, discussing different educa-
tional priorities and practices regarding CT/AT, its relevance to mathematics educa-
tion, and emerging implications for this education. The chapter ends with a summary
of the findings presented and suggests directions for further research.

Computational Thinking

Despite its widespread use, a widely accepted definition of CT is lacking (Mouza
et al., 2017). It has been defined in terms of its main facets, dimensions, concepts,
practices, perspectives, etc. For example, core CT facets may be abstraction (data
collection and analysis, pattern recognition, modelling), decomposition, algorithms
(algorithm design, parallelism, efficiency, automation), iteration, debugging and
generalisation (Shute et al., 2017). As regards CT dimensions, there may be three:
its concepts (e.g. data, operators, loops), its practices (e.g. abstracting, modularis-
ing, debugging), and its perspectives (e.g. questioning, connecting) (Brennan &
Resnick, 2012; cf. Kafai & Burke, 2013). In a high school STEM context, CT may
comprise four categories of practices, namely: data practices (e.g. collecting, visu-
alising), modelling and simulation practices (e.g. building and using computational
models), computational problem-solving practices (e.g. programming,



23 Emergence of Computational/Algorithmic Thinking and Its Impact... 379

troubleshooting) and system-thinking practices (e.g. defining systems, managing
complexity) (Weintrop et al., 2016).

To simplify matters in defining CT, we may just focus on its basic steps or stages
used in problem solving, such as decomposition, pattern recognition, abstraction,
and algorithmic thinking, recognised by Hoyles and Noss (2015) as main thinking
skills required. These stages, as equally important, may be considered as CT corner-
stones (see Fig. 23.1).

However, the processes of abstraction and pattern recognition overlap because
pattern recognition may be viewed as abstraction and generalisation (Scantamburlo,
2014). In addition, pattern recognition may be an overall goal of CT, like in trouble-
shooting or managing system complexity. Finally, the use of technology to automate
solutions is missing in this four-step model. It may be thus better to assume that
basic CT steps (stages) are decomposition, abstraction, algorithmisation and auto-
mation, which may be advanced in a complex, nonlinear way by going back and
forth between (not only neighbouring) stages (Fig. 23.2). In a preliminary empirical
study, Kadijevich (2019a) shows that this cycle is not only relevant to different sub-
ject areas, such as mathematics and science, but also relevant to distinctive learning

Computational thinking

Pattern recognition

Fig. 23.1 Four cornerstones of CT. (Source: https://www.bbc.com/bitesize/guides/zp92mp3/
revision/1)

tasks commonly given in these subject areas, such as data visualisation and spread-
sheet modelling.
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Fig. 23.2 CT cycle. (Kadijevich, 2018a, p. 76)

Cultivating and Assessing CT

Because research is scarce, knowledge about the integration of CT in K—12 educa-
tion is limited (Voogt et al., 2015). However, to cultivate such thinking, rich compu-
tational environments should be used, and students encouraged to develop digital
artefacts; in these environments by progressing along a use-modify-create learning
path (Lee et al., 2011). Less experienced or novice students should be encouraged
to progress along an understand-debug-extend trajectory, i.e. from understanding
developed ‘artefact’ via debugging this ‘artefact’ to extending it (see Brennan &
Resnick, 2012). For an appropriate integration, Mouza and colleagues (2017) dis-
courage narrow use of digital tools (e.g. just concepts mapping tools) promoting just
one or two CT components (e.g. problem decomposition).

The learning paths mentioned above may be recognised in CT pedagogy pro-
posed by Kotsopoulos and colleagues (2017), which assumes that the various con-
ceptual or digital objects in mathematical classes make use of four overlapping
activities: unplugging (not using computers); tinkering (taking objects apart and
changing/modifying their components); making (constructing new objects); remix-
ing (appropriating of objects or their components to produce new objects). As
examples of these activities, consider, respectively, sorting mathematical expres-
sions, modifying spreadsheet content, developing interactive geometry presenta-
tion, and combining and modifying existing interactive reports to visualise data
with dashboard (a set of interactive reports).

A lack of standard CT definition has resulted in diverse measurement of this
construct, making comparing results of research studies difficult. Furthermore, CT
assessment in classrooms is challenging, requiring real-time assessments that moni-
tor students’ progress (Shute et al., 2017). Such assessments could be based on the
analysis of students’ project portfolios regarding ‘artefacts’ they develop through
progressing along a learning path (e.g. Brennan & Resnick, 2012; Lee et al., 2011),
possibly resulted from the application of a suitable pedagogical framework
(Kotsopoulos et al., 2017). This analysis should focus on CT features (e.g. stages or
components) and their relations aimed to be promoted. To assess CT-based instruc-
tion, a technology integration rubric may be used, whose criteria evaluate choosing
and applying digital tools and CT components respecting curriculum goals and
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instructional strategies, simultaneously aligning content, pedagogy, and technology
(Mouza et al., 2017).

Implications for Algorithmic Thinking (AT)

By accepting the position that the main stages of a learning cycle describing AT are
decomposition, abstraction and algorithmisation, it may be said that, as indicated
above, CT occurs whenever AT is supported by automation, i.e. the use of computa-
tional tools and environments. This means that approaches to cultivating and assess-
ing CT summarised above may be applied to cultivating and assessing AT. For
example, a suitable learning path could use the following trajectory: from under-
standing developed algorithm via debugging this algorithm to extending or improv-
ing it, focusing of AT features (e.g. stages or components) and their relations aimed
to be promoted. Furthermore, to assess AT-based instruction, a AT integration rubric
may be used, whose criteria evaluate choosing and promoting AT components with
respect to curriculum goals and instructional strategies, simultaneously aligning
content and pedagogy.

Computational/Algorithmic Thinking

While the above arguments present a case for a clear distinction between CT and
AT, their use in practice reflects different interests and priorities. The term ‘compu-
tational thinking’ rightly draws attention to the underlying logical and mathematical
processes that are fundamental to computer science and should be contrasted with
facility or familiarity in using digital machines. These processes have been intro-
duced to students in the New Zealand program computer science unplugged (https://
protect-au.mimecast.com/s/SToXCJypvAfqwq6QRhYchXg?domain=csunplug
ged.org), to give a well-known international example.!

Instead of using the term ‘computational thinking’, recent educational docu-
ments in UK (Stephens, 2018) and Argentina (Sadosky Foundation, 2018) mostly
use words ‘algorithms’ and ‘algorithmic’. Algorithms and algorithmic thinking are
the preferred terms in the Australian Curriculum: Digital Technologies (ACARA,
2016) across all years of schooling. A priority to algorithms is given in the French
curriculum, Algorithmique et Programmation — a domain of both the mathematics
and the technology curricula, and thus taught by the teachers of these two disci-
plines (Ministere de 1’Education Nationale, 2016) where Scratch is the main

'If the reader accepts the definition of CT assumed in this chapter, the csunplugged approach,
which does not rely on the use of computers i.e. automation, may be viewed as means that primar-
ily promotes AT.
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programming language. Later, in high school, algorithmics is also taught in mathe-
matics using Python.

In other countries, curriculum documents emphasise coding and programming in
basic education. In Finland, for example, there is a clear emphasis on the cross cur-
ricular uses of programming, including the use of programming languages, with
specific attention to computer-less programming in the early years (PMO, 2019).
Similarly, the announcement by the Japanese government to introduce program-
ming in primary and secondary schools from 2020 has a clear focus on program-
ming across the curriculum. In fact, the published materials refer repeatedly to
‘programming thinking’ as distinct from learning to program a machine
(Stephens, 2018).

Relevance to Mathematics Education

The term ‘computational thinking’ has been used extensively by computer science
specialists, who carried out many studies that link CT and computer science topics,
mostly programming (e.g. Hickmott et al., 2018). Consequently, CT has become a
critical curricular component in computer science (informatics) education (e.g.
Webb et al., 2017). It has not had a similar status in mathematics education. The
reason may be that studies explicitly linking it and learning mathematics are rather
rare (Hickmott et al., 2018), mostly dealing with areas that are traditionally con-
nected to programming (e.g. numbers and operations, algebra, geometry).

In mathematics education, the main task of technology is to mediate the learning
of mathematics in productive ways (Drijvers, 2018), including relating procedural
and conceptual mathematical knowledge (Kadijevich, 2018b). AT may be critical to
developing these knowledge types and relating them. For example, procedural
knowledge may be developed through implementing procedures, especially through
designing procedures and algorithms, which could result in knowledge that is rich
in connections (e.g. Lockwood et al., 2016). On the other hand, AT may be used to
develop conceptual knowledge and a deeper conceptual understanding if a special
case of a formula, or an algorithm in general, is used as a means for asking advanced
questions about the result obtained by applying it (Abramovich, 2015). Research
has supported the position that, in digital environments techniques could be used as
a means to relate procedures and concepts (e.g. Artigue, 2010).

If CT/AT is to have an enlarged role in the mathematics curriculum, we must
continue to ask how these forms of thinking build upon, connect with, and enhance
the way students think about and do mathematics. The following examples are
intended to make it clear that our emphasis is on mathematical thinking — not on
following or memorising routines, and still less on equating algorithmic thinking
with coding. Productive examples might include: using the language of algorithms
to exemplify mathematical concepts and procedures (e.g. starting with multiplica-
tion and division); drawing on appropriate mathematical knowledge to construct
algorithms (e.g. to model a particular problem and to allow for a solution); using the
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language of mathematics to explain the key steps of a given algorithm (e.g. a simu-
lation); using the language of mathematics to identify or improve the variables and
parameters required to use a given algorithm (e.g. in data practices); critically
examining solutions to improve on an existing algorithm; identifying mathematical
variables and parameters in order to use a given algorithm (e.g. in data analysis);
using an algorithmic application to solve a mathematical problem in order to iden-
tify its mathematical structure and to generalise the solutions (e.g. computational
problem solving); using an algorithm to deepen understanding of mathematical pat-
terns and relationships.

Emerging Implications for Mathematics Education

In the remainder of this chapter, we tend to use the combined term CT/AT, mindful
that some readers may be accustomed to separate uses of these terms. As yet there
appears to be no international consensus in these matters. We refer to an increasing
trend for CT/AT to be included in the compulsory years (basic education) for all
students (Stephens, 2018). CT/AT has the potential to play an important role in
problem solving and modelling in the school mathematics curriculum at all stages,
where, for example, iteratively developed (deterministic or probabilistic) solutions
can be expressed in forms resulted from the application of CT/AT (e.g. a spread-
sheet model that determines the profitability of a small business; Kadijevich, 2012).
In STEM contexts, CT/AT can develop a synergy between mathematical modelling,
computer programming, and engineering design (Lépez-Leiva et al., 2019). The use
of CT/AT in STEM contexts should also be considered from the primary school years.

Data analysis, based upon the use of interactive displays for example (Kadijevich,
2019b) is a simple instance of data science, defined as the science of obtaining use-
ful information from data by using various computational methods and tools. Data
science reflects the unprecedented growth in the availability of data in most areas of
human activity. CT/AT is an essential support for steps in data science learning
cycle, such as ask/frame questions, locate/accumulate/evaluate data, analyse data,
and interpret data (Gould et al., 2017). Data science latter is an emerging and impor-
tant area of statistics education, supporting students to acquire data and to use them
to make informed decisions in their daily lives (see, for example, International Data
Science in Schools Project (IDSSP) at: http://www.idssp.org/).

Professional mathematicians apply computation in their disciplinary practice to
support various aspects of their work, involving experimentation, approximation,
conjecture testing, and visualisation. These areas are now increasingly recognised
as important features of mathematical reasoning within school mathematics.
Although classroom practice should be different from disciplinary practice, the lat-
ter should inform the former and help designing it (Lockwood et al., 2019). Students
may use CT/AT to define (construct) objects, identify their possible properties (of
algebraic, geometric, or statistical nature) and verify these properties (a number of
studies reported in Hoyles & Lagrange, 2010, for example, may be re-examined in
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that way). The identification and application of geometric properties of shapes, for
example, underpins the application of CT/AT in computer design and art, and allows
these potentialities to be explored in two and three dimensions much earlier than
traditional school geometry has allowed. Like mathematicians who apply computa-
tion to find approximate solutions to intractable problems, students may use CT/AT
to approximate solutions of mathematical models that cannot (easily) be solved in
the context of school mathematics (for examples of such problems, see
Kenderov, 2018).

Conclusion

CT originated from learning mathematics with technology. While CT is critical cur-
ricular component in computer science (informatics) education (e.g. Webb et al.,
2017), CT lacks a similar status in mathematics education. Apart from areas that are
traditionally connected to programming (e.g. numbers and operations, algebra,
geometry), further research, including curriculum development, is needed to explore
other areas of mathematics suitable for technology supported problem solving, such
as functions, probability, and statistics explored through modelling, simulations,
and data analysis, respectively (Hickmott et al., 2018). Such exemplars of problem-
solving utilising CT/AT should aim at developing and interconnecting procedural
and conceptual mathematical knowledge.

CT/AT has changed the nature of some contemporary researches in mathematics
domains. These are now recognised internationally. For example, computer-based
proofs (e.g. four colour theorems) are now accepted in mathematics. New domains
of research related to mathematics and computation have become possible, such as
Bioinformatics. In this regard, the European Mathematical Society (EMS, 2011)
recognised an emerging way of engaging in mathematical research: “Together with
theory and experimentation, a third pillar of scientific inquiry of complex systems
has emerged in the form of a combination of modelling, simulation, optimization
and visualization” (p. 2). Weintrop et al. (2016) try to address CT/AT as a sophisti-
cated and overarching concept through a literature review and interviews with
experts who use CT/AT in their professional lives. Accordingly, they have devel-
oped a taxonomy of CT/AT which bears a close relation with the third pillar of sci-
entific inquiry mentioned above. Their taxonomy contains four main categories:
data practices, modelling and simulation practices, computational problem-solving
practices, and systems thinking practices. For each category, they explain how con-
temporary activities used by mathematicians and scientists are related to CT/AT,
arguing that these four areas can be viewed as a future “roadmap for what CT
instruction should include in the classroom” (p. 128). For school education, how-
ever, we may well need smaller mini road-maps showing how students are intro-
duced to and are led to explore each of these areas. These road maps will be needed
to guide the next stages to embed CT/AT in the school mathematics curriculum.
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Although AT and CT may in mathematics education denote similar entities,
mathematics educators may prefer to use (privilege) the former term to distinguish
its place in the school mathematics curriculum from components of the computer
science or digital technologies curriculum. The place of algorithms in mathematics
has a long history long before the use of computers. Whatever one calls this think-
ing — computational, algorithmic, programming or even computational algorithmic
thinking — the emphasis in mathematics education should be placed on mathemati-
cal thinking supported by suitable technology. Incorporating CT/AT in the school
mathematics curriculum will require important decisions to be taken by national
and local curriculum agencies. These will vary from country to country and are
outlined in the following chapter. International cooperation and sharing among
researchers and educators will be vital, taking special care about defining CT/AT
precisely, cultivating this thinking accordingly with a focus on mathematical rea-
soning, and assessing the contribution of CT/AT to this reasoning appropriately.

Acknowledgement The research done by the first author was supported by the Ministry of
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